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1 Introduction 

In [2nj and we analyzed the second variation of the Robin function as- 
sociated to a smooth variation of domains in C" for n > 2\ i.e., T) = 
Ut^B{t, D{t)) C -B X C" is a variation of domains D{t) in C" each containing 
a fixed point zq and with dD{t) of class for t G -B := {t G C : \t\ < p}. 
For such t and for z & D{t) we let g{t, z) be the M^"-Green function for the 
domain D{t) with pole at zq; i.e., g{t, z) is harmonic in D{t)\{zQ}, g{t, z) = 
for z G dD(t), and g(t, z) — ||^_^J||2n-2 is harmonic near zq. We call 

\{t):=\im[g{t,z)- ^ 



\z - Zq\ 



|2n-2J 



the Robin constant for {D{t),Zo)- Then 

Here, = is a positive dimensional constant where Qn is the area of 

the unit sphere in C", dSz and dVz are the Euclidean area element on dD{t) 
and volume element on D{t), V ^g = ' " " ■, and 

M..):H|V..|r1^l|V..||-2.,fi:g^,.,fpM 

is the so-called Levi- curvature of (9P at (t, 2). The function ip{t,z) is a 
defining function for V and the numerator is the sum of the Levi-form of 
ip applied to the n complex tangent vectors {—■§^, 0, 0, 0). In par- 
ticular, if V is pseudoconvex (strictly pseudoconvex) at a point [t, z) with 
z G dD{t), it follows that k2(t, z) >0 {k2(t, z) > 0) so that — A(t) is subhar- 
monic (strictly subharmonic) in B. Given a bounded domain D in C", we 
let A.{z) be the Robin constant for {D, z). If we fix a point Co G -D, for p > 
sufficiently small and a G C", the disk Co + aB := {C = Co + cit, \t\ < p} 
is contained in D. Using the biholomorphic mapping T(t, z) = {t,z — at) of 



^ This paper is dedicated to Professor John Wermer on the occasion of his 80th birthday. 
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B X C'\ we get the variation of domains V = T{B x D) where each domain 
D(t) := T{t,D) = D — at contains Co- Letting X(t) = A{(q + at) denote 
the Robin constant for (-D(t), ^o) and using (11.11) yields part of the following 
surprising result (cf., [20] and [9]). 

Theorem 1.1. Let D be a bounded pseudoconvex domain in C" with 
boundary. Then log {—A{z)) and —A{z) are real-analytic, strictly plurisub- 
harmonic exhaustion functions for D . 

We now study a generalization of the second variation formula (11.11) to 
complex manifolds M equipped with a Hermitian metric ds'^ and a smooth, 
nonnegative function c. Our purpose is that, with this added flexibility, we 
are able to give a criterion for a bounded, smoothly bounded, pseudoconvex 
domain D in a complex homogeneous space to be Stein. In particular, we are 
able to do the following: 

1. Describe concretely all the non-Stein pseudoconvex domains D in the 
complex torus of Grauert (section 5). 

2. Give a description of all the non-Stein pseudoconvex domains D in the 
special Hopf manifolds ]HI„ (section 6). 

3. Give a description of all the non-Stein pseudoconvex domains D in the 
complex flag spaces JF„ (section 7). 

4. Give another explanation as to why all pseudoconvex subdomains of 
complex projective space, or, more generally, of complex Grassmannian 
manifolds, are Stein (Appendix A). 

The metric ds"^ and the function c give rise to a c-Green function and 
c- Robin constant associated to an open set D C M and a point po E D. We 
then take a variation V = Ut^Bit, D{t)) G B x M oi domains D{t) in M each 
containing a fixed point Pq and define a c- Robin function X(t). The precise 
definitions of these notions and the new variation formula (12.31) will be given 
in the next section. In section 3 we impose a natural condition (see (13.11) ) on 
the metric ds"^ which will be useful for applications. Kahler metrics, in partic- 
ular, satisfy (13.11) . After discussing conditions which insure that the function 
—A is subharmonic, we will use (12.31) to develop a "rigidity lemma" (Lemma 
14.11) which will imply, if —A is not strictly subharmonic, the existence of a 
nonvanishing, holomorphic vector field on M with certain properties (Corol- 
lary 14. 2p . This will be a key tool in constructing strictly plurisubharmonic 
exhaustion functions for pseudoconvex subdomains D with smooth boundary 
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in certain complex Lie groups and in certain complex homogeneous spaces; 
i.e., we use these c- Robin functions to verify that D is Stein. 

Specifically, in section 5 we study pseudoconvex domains D in a com- 
plex Lie group M. In a sense which will be made precise in Corollary 15.21 the 
functions —A we construct in this setting are the "best possible" plurisubhar- 
monic exhaustion functions: if a c-Robin function A for D is such that —A is 
not strictly plurisubharmonic, then D does not admit a strictly plurisubhar- 
monic exhaustion function. We characterize the smoothly bounded, relatively 
compact pseudoconvex domains D in a complex Lie group M which are Stein 
in Theorem 15.11 Then we apply this result to describe all of the non-Stein 
pseudoconvex domains D in the complex torus example of Grauert. 

In section 6 we let M be an ra- dimensional complex homogeneous space 
with an associated connected complex Lie group G cAutM of complex di- 
mension m > n. We set up our c-Robin function machinery to discuss suf- 
ficient conditions on the pair (M, G) such that for every smoothly bounded, 
relatively compact pseudoconvex domain D in M, the function —A is strictly 
plurisubharmonic on D (Theorem 16. 2p . In particular, the Grassmann mani- 
folds M = G{k, n) with G = GL{n, C) satisfy one of these conditions. 

In Theorems 16.31 and 16.41 we give an analogue of Theorem 15.11 to charac- 
terize the smoothly bounded, relatively compact pseudoconvex domains D 
in a complex homogeneous space M which are Stein. We immediately apply 
this result to special Hopf manifolds EI„. Then in section 7 we apply the 
result to describe all of the non-Stein pseudoconvex domains D in complex 
flag spaces J-'n (Theorem 17.11) . 

Some of the results in this paper were announced without proof in [H] and 
[To] : in this paper, we provide complete proofs and illustrate the signiflcance 
of this generalization of the second variation formula with applications and 
concrete examples. The material presented is completely self-contained; in 
particular, all concepts pertaining to Lie theory and homogeneous spaces are 
explained. 

We thank Professor T. Ueda for his helpful advice in our study of Levi 
problems for flag spaces. We also thank Professor T. Morimoto for his useful 
comments regarding Lie algebras. 
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2 The variation formula. 



Our general set-up is this: let M be an n-dimensional complex manifold 
(compact or not) equipped with a Hermitian metric 

n 

ds^ = ^ gabdZa ® dZb 
a,b=l 

and let u := iJ2ab=i doE^^a A dzb be the associated real (1, 1) form. As in 
the introduction, we take n > 2. We write (/"^ := {9^1)'^ the elements of 
the inverse matrix to (g^i) and G := det{g^i). Note that cu" = 2^n\Gdxi A 
■ ■ ■ A dx2n locally where Zk = X2k-i + ix2k- For a domain W C M, we 
let £^'''(1^) denote the (p, g) forms on W with complex-valued, C°°(iy)- 
functions as coefficients. We have the standard linear operators 

S:=-*d*: CP'^W) CP'''-\W), 

and d = d + d. We get the box Laplacian operator 
and its conjugate 

Adding these, we obtain the Laplacian operator 

A = 6d + 06 + 6d + 06 

which is a real operator; in local coordinates acting on functions this has the 
form 



A =_2rV I ^ V r ^ ^^^sh du 1 0{Gg--') On 

dZbOZa 2^^G OZa OZb G OZa Oz^ 

a, 0=1 a, (3=1 

=: -2[Pu + Ru]. [21] 
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We call Pu the principal part of An. Also, we remark that if ds"^ is Kahler, 
i.e., if dto = 0, then An = —2Pu = —2 X]ab=i 9^"^ az • usual, we set, for 
any a G £^'^(1^), = /^a A *a > 0. 

Given a nonnegative function c = c(z) on M, we call a C°° function 
n on an open set D C M c-harmonic on D if An + cn = on Choosing 
local coordinates near a fixed point po & M and a coordinate neighborhood ?7 
of po such that [5'afe(Po)]a,fe=i,...,n = [Sab]a,b=i,...,n, the Laplaciau A corresponds 
to a second-order elliptic operator A in C"". In particular, we can find a 
c-harmonic function Qq in U \ {po} satisfying 

hm Qo(p)c?(p,Po)'"-' = l 

where d{p,pQ) is the geodesic distance between p and Pq with respect to the 
metric ds"^. We call Qq a fundamental solution for A and c at po- Fixing pq 
in a smoothly bounded domain D M and fixing a fundamental solution 
Qo, the c-Green function g for {D,po) is the c-harmonic function in D \ {po} 
satisfying g = on dD {g is continuous up to dD) with g{p) — Qo{p) regular 
at Pq. The c-Green function always and uniquely exists (cf., [I3]) and is 
nonnegative on D. Then 

A := hm [g{p) - Qo{p)] 

p^po 

is called the c-Robin constant for {D,po). Thus we have 

9{p) = Qo{p) + A + h{p) 

for p near pq, where h^po) = 0. In case M is compact, if c ^ on M, then the 
c-Green function g for (M, po) exists and is positive on M, hence the c- Robin 
constant is finite. But if c = on M, a c-harmonic function is harmonic and 
cannot attain its minimum; thus, in this case, g{z) = +oo on M (cf., |13]). 
In this case we set A = +oo. 

Now let V = Utesit, D{t)) C BxM he eiC°° variation of domains D{t) in 
M each containing a fixed point pq and with dD{t) of class C°° for t E B. This 
means that there exists il){t, z) which is in a neighborhood N G B x M 
of {(t,^) : t e B, z e dD{t)}, negative in iV n {{t,z) : t e B, z e D{t)}, 
and for each t E B, z E dD{t), we require that ip{t, z) = and ^{t, z) 
for some i = 1, n. We call ip{t, z) a defining function for V. Assume that 
B X {pq} C V. Let g(t, z) be the c-Green function for {D{t),pQ) and A(t) the 
corresponding c- Robin constant. The hypothesis that P be a C°° variation 
implies that for each t E B, the c-Green function g{t,z) extends of class 
C°° beyond dD{t)] this follows from the general theory of partial differential 
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equations. Most of the calculations and the subsequent results in this paper 
remain valid under weaker (C^ or C^) regularity assumptions on P. 

Our formulas are the following: 



JdD(t) rzi. 



dg dg 

'dD{t) dzadzb 



)da,, (2.2) 



a,b=l 



where daz is the area element on dD{t) with respect to the Hermitian metric, 



/ -i\r\ and 

(n—l)iln 



dzadzb dt 

a, 0=1 



a,b=l 

a,b=l a,b=l 

(2.4) 

iplt, z) being a defining function for T). Here, ki{t, z) (z = 1, 2) is a real- valued 
function for (t, z) G dT) which is independent of both the choice of defining 
function for P and of the choice of local parameter z in the manifold M. We 
call k2{t, z) the Levi scalar curvature with respect to the metric ds^. 

Formula 02.21) is a generalization of the classical Hadamard variation for- 
mula. For the study of several complex variables the variation formula fl2.3p 
of the second order is fundamental and we now give the proof. First, for each 
t E B, the equation 

g{t,p) = Qo{p)+\{t)+h{t,p), 
where h{t,pQ) = for all t & B, holds; hence we have, for p ^ Pq, 

d^g , , S^A , , d'^h , , 



6 



Since Q{t,Po) = for all t E B, ii we set ^(t,Po) = f^llo^^ 
that -Q^it,p) is a c-harmonic function on all of D{t) even though g(t,p) 
has a singularity at po- Fix to ^ B. Using Green's formula for c-harmonic 
functions, we thus obtain the formula 



(^o) = ^ / S(to, z) * rf^?(to, (2.5) 



We note that, in C", from the definition of the *-operator, we have 

*dg{to,z) = -2^V,g{to,z)\\dS, = 2''~'-^{to,z)dS, 

for z G dD{tQ), where dSz and are the Euclidean area element and the 
unit outer normal vector for dD{tQ) at z. 

We may assume to = 0. Now using the fact that —g{t, z) is a defining 
function for V, we can write, from fl2.4p . 

a, 0=1 a, 0=1 

a,fe=l 

Since A(yf + eg = on dD{0) (here we use the fact that g is of class C°° on 
D(0) \ {po}) and c/ = on 9^(0), we have from ([23]) and (^M) 



^■^ i^a,b=i yy dz^dt dz n ' at 

V" n'^b dg dg 
Z^a,b=l y Bfza dzt 



(1) + (//)■ 



In general, for any C°° defining function v on -D(O) (t; = on dD(0) and 
w < on ^(0)), 



*dv = 2-{y g^'^^y/^daz > 



dzadzb' 

,,0=1 
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for z G (9/^(0), where doz is the area element on (9D(0) at z with respect to 
the metric ds^ . We apply this to f = —(7(0, 2;), plug this into (/), and obtain 
the formula 

(/) = -c„ \ h{0, z) J2 {g''^^)d<y.. 

JdD{Q) OZa dZb 

Now we work with (//). We need to calculate 

dg 



* dgio, z) 



on (9D(0). To this end, we first note that for a function u, we have the 
following formulas for *du and *du: 

n 

*du = — > Gg°'^^—dza A dzi A dzi A ■ ■ ■ dza A dza ■ ■ ■ A dzn A dzn] 
dzb 

a, 0=1 

n 

^du = r Gg^^^—diZa A dzi A dzi A ■ ■ ■ dza A dza - ■ ■ A dzn A dz^. 
dzb 

a, 0=1 

Now if M = on dD{0), du = du + du = along dD{0) and we obtain 

n 

*du = -2i" Gg^^-^—dZa A dzi A dzi A ■ ■ ■ dza Adza - ■ ■ Adzn A dzn- 

dzb 

a, 0=1 

Applying this to m = g{0, z) on dD{Q), we get 



7— * ci^ffO, z) = -2z" Gg"-^ ^—^—dzi A dzi A dzi A ■ ■ ■ dzi Adzi - ■■ AdznA dzn- 

OZa OZa OZj 

Again we use the fact that (7(0,2;) = on dD{Q) so that dg{Q, z) = along 
(9-D(0). Then, if z 7^ a, ■§=-dza in the above formula can be replaced by 

— 4^dzi. It follows that 

* (i5'(0, = — 2i" (G ^ — (i^;^ A dzi A dzi A ■ ■ ■ dZa A dZa ■ ■ ■ A dZn A dZn, 

OZa . . , OZj OZi 

where the term in parenthesis is independent of a = 1, ...,n. We plug this 
into (//) where 



dD(0) 
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and 



^ ■= i ^i^^Z^Z } * "^9(0 



z 



a,b=l 



dza A dzi A dzi A ■ ■ ■ dza A dza ■ ■ ■ A dzn A dZn}- 



Note that the denominator cancels. 
Next we use the relation 



= -i" Gg"-^- — -= dZa A dzi A dzi A ■ ■ ■ dZa A dZa ■ ■ ■ A dZn A dz^ 

Ot ^ OZi^Ot 

a, 0=1 

to obtain 



on (91) (0). 

Thus we obtain 



dtdi 



JdD(0) O^a OZb 

Cn ^ f dg ^.dg 



where 



and 



dD{o) 9t dt 



9n-2 / •' 
^ JdD{0) 



/:=^(*9(^)) 



is an {n,n — 1) form. We want to convert J into a volume integral; to do so 
we must compute df since, / being {n,n — 1) form, 

^ Jd{o) ^ Jd{o) 
We get two terms whose sum comprise df: 

«^(a|)M*a,|),; 
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dt ^ "'dt''' 



Now 



|2 

Id(o)- 



We note that in C", we have \\d^\\l^o) = 2"L(o)(Er=i \^f)dV., where 
dVz is the Euchdean volume element of C", so that the first term 3? /d(o) 
of J coincides with the last term of formula fll.ll) . 
Next, for fii), 



^ OZa OZbOt dZaOZbdV 
a, 0=1 

Using the relation 



d*uj = -^TT-^dzi AdziA---dzaAdza--- A dzn A dzn, (2.7) 

dzb 

a, 0=1 

with an analogous formula for 9 * c^;, if m is a complex- valued function, we 
obtain 

(d*uj) Adu = ' — dzi A dzi A ■ ■ ■ A dzn A dzn- 

^ dza dzb 

a, 0=1 

Also 

a * 9n = V [Gg^'j^ + ^^^^^ ^] dz,Adz^A---A dz^ A dz^ 

a, 0=1 

=: D2U + Diu. 

Similarly, 



d *du = D2U + Diu. 
Finally, it is straightforward to verify that 



{d * Lu) A du = i Diu. 
Using these relations, we obtain 
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and 

(a..)Aa| = -.D,(|). 

Now since g is a. function, 6g = 6g = 0; thus we rewrite A^f + eg = as 
{5d + 5d)g + eg = —{*d * d + *d * d)g + eg = 
Applying * to this relation and using * * K = we have 

— {d * d + d * d)g + *eg = 0. 
This last equation can be written using Di and D2 as 



-{D2g + Dig + D2g + D^g) + *eg = 0. 

Hence 

-1 



D2g = —[D,g + D,g - *eg]. (2.8) 

Equation (12.80 is valid in -D(O) \ {po} - indeed, in each D{t) \ {po} - as 
an equality of (n, n) forms. Differentiating (12.81) with respect to t, we thus 
obtain 



in D{t). 

We use (ESI) in (ii): 



Tit n (^9. , ^ ^dg -1 dg ,dg dg 

di*dig=)) = D2ig=) + D,i-) = - D,i-) - *c^] 

-If-lo T^9g 1- ^dg dg-, 

= — — a *uj A 0--= o* uj A 0--= — *c— = . 

2 L z dt i dt dt^ 

Inserting parts (i) and (ii) of df back in to J = ^ Id{o) obtain 
T so /" . r.dg ^dgA -dg 1^ dg dg.. 



Hence, 



2""^ Jd(o) dt dt ^2dtH dt I dt^ ' 2 ^ dt^ n\ ^ 
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Thus we obtain 



dtdt 



'd{0) 

which is fl2.3l) for t = 0. The second order variation formula fl2.3l) is thus 
proved. □ 

Remark 2.1. Note that (EJl) reduces to (O) if M = C", ds^ = |rf2|Ms 
the Euchdean metric, and c = 0. 

3 Subharmonicity of —A. 

We impose the following condition on the Hemitian metric ds"^ on M: 

d*uj = on M. (3.1) 

Remark 3.1. A Kahler metric ds"^ on M (i.e., du = 0) satisfies fl3.ll) . 

Indeed, since *uj = on M and ui is real, it follows that 

n — 1 

I 

d*uj = duj A cj"~2 = -dujA cj""^ = on M. 

2 

Theorem 3.1. Assume that ds"^ satisfies condition (E2P- Then: 
1. The Levi scalar curvature k2{t,z) of dV reduces to: 



n 



yih^i^ ^V' 1-3/2, 

a,6=l 



^dtdr^ ^ dfza dzj ^ dt^^^ dza dz.dV^ ^ ' ' ^ ^ ^ az^^z,, 

a, 6=1 a,h=l a,b=l 

2. The second variation formula ^2. 31) of \{t) reduces to: 
. f u V"/„a6 dg dg 



dtdt 



it) = -cnf K,{t,^)Y,{g-'^^)da. 



'9D{t) a,b=l 

-^{ll^|ll?>(. + ^llv^|ll?>w}- (3-2) 
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Proof. In local coordinates z = [zi, ...,Zn) we see from formula fl2.7|] that 
the condition 9 * u; = on M is equivalent to 

j^_y2^^^^ = 0, a = l,...,n, onM, (3.3) 

^ OZb 

a=l 

SO that the Laplacian A on functions u has the form 

a, 0=1 

Thus 1. and 2. follow from formulas fl2.ll) and (12.31) . □ 
Remark 3.2. 

1. Under the condition in Theorem 3.1 in case dimM = n = 2, if 
§^ito) = 0, then dD(to) is Levi flat. If n > 2, this conclusion is 
not necessarily true. 

2. As mentioned in section 2, k2{t,z) is a well-defined function on dV 
for any Hermitian metric ds"^ on M; i.e., it is independent of the local 
coordinates z. This is not the case for K2{t, z). From (12.11) and (13. 3p it 
follows that K2{t, z) is a well-defined function on dT> if and only if ds^ 
satisfies condition (13. ip . 

We now turn to the question as to when |^ < 0; i.e., the subharmonicity 
of — A(t). We begin with the following: 

Theorem 3.2. Assume that ds^ satisfies condition ^3. If V is pseudo- 
convex in B X M , then —X{t) is subharmonic on B. 

Proof. From the second variation formula for A(t) in 2. of Theorem 13.11 it 
suffices to prove that K2{t, 2) > on dV. 

Fix (to, ^0) ^ dT>] we may assume (to, Zq) = (0, 0). We choose coordinates 
z = (^1, Zn) in a neighborhood of so that 5^0:6(0) = Sab- Let z) be 
a defining function for V. We take a sufficiently small disk Bq G B centered 
at t = so that tplt, z) is defined in Bq x V. Then from Theorem 13. II we have 

i^2(0,0) = ||V,^||-3LV'(0,0) (3.5) 

.Hiv..ii-[||iiv.„r^-<i:fJ^,.ifpM. 

a=l 
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Here A.^; = J2l=i aSl' = (ft' " " " ' ft) ^^e terms on the right 

hand side are evaluated at {t,z) = (0,0). Let Vq := V n {Bq x V). Then 
ip{t, z) is a defining function for near dV fl Pq! i-e., ip is negative on "Dq 
and y^^it, z)^QondVn Vq. For j E {1, n}, let 

Po,i := ^^0 n {2:1 = ... = Zj = ... = = 0}. 

Since is pseudoconvex in C""^^, it follows that Vq j is pseudoconvex in 
in the variables {t, zj); hence, for j = 1, n, 

dzj dt dzj didzj dt dzjdzj ~ 

at the point (0, 0). Summing up from j = 1, n, we get 

L^(0,0) > 0. 

Using fl3.5l) yields the result. □ 
Remark 3.3. We consider the following condition on the metric ds'^ on M: 

1— cj" 
>V = := ||9*cu|P— > (W) 
I n\ 

as an (n, n) form on M. This is a weaker condition than (13. ip . We can prove 
from (12. 3p that, if ds^ satisfies condition iW) and if D is pseudoconvex in 
B X M, then —X{t) is subharmonic on B. We put W = W{z)^. In local 
coordinates, 14^(2;) has the form 



Q,/3=l Z=l fc=l 

Using standard notation from classical differential geometry, we define com- 
plex Christoffel symbols 

7=1 



and complex torsion 
Summing, we define Tq, := X]a=i '^Xa- Then 



A/3 A/3 ^ p\- 
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which is a type of scalar curvature function on M . Thus the condition iW) 
means that this scalar curvature W{z) is nonnegative. As an example, on the 
unit ball M = {z eC^ : \\z\\ < 1} in C", n > 2, take ds"^ := where 
Icizp is the Euchdean metric in C. ThenW{z) = 2{n — l){n — {n — l)\\z\\^) > 
2{n — 1) > on M. On the other hand, the special Hopf manifold EI„, n > 2 
(see definition (16.381) in section 6) admits the Hermitian metric ds'^ := jj^. A 
calculation shows that W{z) = — (n — 1)^ < on ]HI„. We plan to investigate 
condition (W) in a future paper. 

J-C. Joo [6] has a generalization of our second variation formula (12.31) to 
certain almost complex manifolds. 



4 Rigidity. 

We continue under the same hypotheses: M is an n-dimensional complex 
manifold equipped with a Hermitian metric ds"^; V = UjgB(t, D(t)) C B x M 
is a C°° variation of domains D{t) in M each containing a fixed point Pq and 
with dD{t) of class for t & B; and c is a nonnegative C°° function on M. 
Throughout this section we will assume that 

(1) ds"^ satisfies condition on M; 

(2) V is pseudoconvex in B x M. 

Lemma 4.1 (Rigidity). // there exists to E B at which ^^{to) = 0, then 
^(to,z) = for z G -D(to) provided at least one of the following conditions 
hold: 

i) c{z) ^ on D{to); 

ii) dD{to) is not Levi flat. 

Proof. Since V is pseudoconvex in i? x M, Theorems 13.11 and 13.21 imply that 
k2{t, 2;) > on dV and we obtain the following estimate from (13. 2^ : 

^W<^{2||5|||L,., + ||VJ||IW- (4.1) 

Thus if the left hand side ^(to) = 0, then (see (EJl)) k2ito, z) = on 
dD{to), and each term on the right in (14.11) must vanish. Hence 

1. d^{to,z) = OonDito); 
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2. y^^{to,z) = OonD{to). 

In particular, 1. says that ^{to,z) is holomorphic on D{to). First assume 
i) holds. Since c is of class C°°, c{z) ^ on -D(to) together with 2. implies 
that the holomorphic function ^{to, z) vanishes on an open set in -D(to) and 
hence vanishes identically on D{to). 

Now assume ii) holds but i) does not; i.e., c{z) = on D{to). We want 
to show that |f (^o, ■) = on dD{to). To see this, fix a point go ^ dD(to). 
Using local coordinates z = {zi, . . . , Zn) in a neighborhood V of go where 
z = corresponds to go, we can assume that g^i{0) = 5ab- We show that 
S(io,0) = 0. 

Since ^(^o, ^) is holomorphic in Dito) and of class C°° on D{to), we have 
a|f = on dD{to). Then formula I^B) 

a,b=l a,b=l 

d'^g dg dg ,dg d^g 



a, 0=1 a, 0=1 

simplifies at the point (^0,0) to 



M<o,o).||v<,|P + ||l|v<,|P + l|l^X: 



dtdt dt ^ dzidzi 

1=1 

Since A;2(to; 2) = for 2; G dDito), we have 

2 = 1 

Note that —g is a defining function for V. Using pseudoconvexity of V at 
(to, z), z G dD{to), and using d ^ = on dD{to), it follows that 

9t9t (9t dzi&Zi ~ ° 

for each ^ = 1, ...,?t,. Now since d * uj = on M, it follows from (13.41) and 
9abi^) ~ ^ab that the Laplacian A on functions u at z = has the form 
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We are assuming that c = on -D(to) aiid hence on dDito)] thus A(7(to, z) 
for z G Dito) except at the pole Pq. We thus have 



^'!^(to,0) = 0. 



1=1 

Using (!12D, we conclude that ^llVs-lP = at (to,0). Hence 

From the assumption ii), ^ (to, 0) > for some i, and we conclude that 
= at (to^O). Thus the holomorphic function |j vanishes identically on 
dDito), and hence on D(to)- D 

Corollary 4.1 (Trivial variation). If X{t) is harmonic in B and i) or ii) in 



Lemma 4jJ_ holds, then V = B x D{0). 



Proof. By Lemma ^ = on P, i.e., g{t,z) does not depend ont E B. 



dt 

By analytic continuation it suffices to prove that there exists a small disk 
Bq C B centered at t = such that T>\bo = Bq x D{^), where 'T'Ibo = 
UtfzBoit, D{t)). If not, there exists a sequence {tn} such that t„ 7^ 0, t„ 
as n ^ 00, and D{tn) 7^ -D(O). Thus we can find a point Zn E [dD{0) fl 
D{tn))u{D{0)ndD{tn)) for each n. If 2„ G dD{0)nD{Q, then, g{0,z„) = 
and g(tn, Zn) > 0, which is a contradiction; if ^ -D(O) n9-D(t„), (7(0, 2„) > 
and g(tn, Zn) = which is again a contradiction. □ 
We next consider the following set-up. Let F : B x M ^ M he a. 
holomorphically varying, one-parameter family of automorphisms of M; i.e., 
F{t, z) is holomorphic in (t, z) with ^ 7^ for (t, z) E B x M, and, for each 
t E B, the mapping Ft : M —>■ M via -^4(2;) := -F(t, ;z) is an automorphism of 
M. Then the mapping T: BxM^BxM defined as 

T{t,z) = {t,w) := {t,F{t,z)) 

provides a fiber-wise automorphism of M; i.e., for each t E B, the map 
w = F{t, z) is an automorphism of M. 

Let ds"^ be a Hermitian metric on M satisfying condition 03.11] and let 
c{z) > be a C°° function on M. Fix a pseudoconvex domain D M and let 
V := T{B X D). This is a variation of pseudoconvex domains D{t) = F{t, D) 
in the image space B x M oiT. Assume there exists a common point Wq in 
each domain -D(t), t E B. Let g{t,w) and A(t) denote the c-Green function 
and c- Robin constant of (D(t), Wq) for the Laplacian A associated to c/s^. We 
obtain the following fundamental result, utilizing the rigidity lemma. Lemma 
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Corollary 4.2. // 

at some to ^ B, and either {z G -D(to) : c{z) 7^ 0} 7^ or dD(to) (or equiv- 
alently dD ) is not Levi flat, then there exists a nonvanishing holomorphic 
vector field Q on M which is tangential on dD;i.e., the entire integral curve 
I{zq) associated to 9 for any initial point Zq G dD lies on dD. 

Proof. We may take to = 0. For fixed t, we let (l){t,w) := F^^{w) so 
that z = (f)(t,w) if w = F(t,z). Let ZQ(t) := (f)(t,Wo) for t E B] thus, 
in the (t, 2;)-coordinates in i? x M we have a constant variation of domains 
t ^ D(t) = D with a varying family of poles ^o(^); letting c(t, z) := c{F(t, z)) 
and dsf{z) := F{t, ■)* {ds"^ (w)) (the pull-back of ds^ by F(t, ■))- note this is 
a varying family of Hermitian metrics on the fixed domain D - we have the 
c{t, 2;)-Green function Q{t, z) for {D, ^o(^)) for the Laplacian Af associated to 
dsfi^z). Indeed, 

g{t,z) ■.= git,F{t,z)) 

satisfies Ag{t, w) = Atg{t, F{t, z)) by the invariance of the Hodge-* operator 
under holomorphic mappings. 

The assumption that |^(0) = implies 1^(0,^7) = on -D(O) by the 
rigidity lemma. For pq G M, we let go = -^(0,Po) and we choose local 
coordinates 2; on a coordinate neighborhood U of po and u; on a coordinate 
neighborhood V of go and write 

Z = (j)(t, W) = {Zi, Zn) = (01 (t, W), <^„(t, W)). 

Using these coordinates and the relation Q(t, (f)(t,w)) = g(t,w), and noting 
that each (pj, j = 1, ...,n is holomorphic, the condition ^{0,w) = on -D(O) 
becomes 

f(o-) + i:i(o-)t(o.m.))^o 

k=l 

for z & D. Since g{t, w) is of class C°° on V, Q{t, (f){t, w)) is of class C°° on 
B X D. Thus, the above equality is valid for z E D. Since Q{t,z) = for 
z G dD for all t E B, we have ^(0, z) = for z G dD, and hence 

E ^(0' ^)) = 0' ^ e (4-3) 

A;=l 

The vector field defined by 

eW-i:§(o.m^))i (4.4) 



fc=l 
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in each coordinate neighborhood U with coordinates z (and coordinate neigh- 
borhood V for w = (j){t, z), z & U) is easily seen to be a holomorphic vector 
field on all of M. Furthermore, since ^ ^ on B x M and = F, we 
have Q{z) j^O on M. 

We shall verify the property that the entire integral curve I{zo) associ- 
ated to 6 for any initial point zq G dD lies on dD, i.e., writing Q{z) = 
Sfc=i CA;(^)af^) if we consider the ordinary differential equation 

^ = Ci(^i,...,^„,), J = l,...,n, (4.5) 

on M, then the solution curve Z(t) = {Zi(t), . . . , Zn(t)), t G Q with initial 
value Z{0) = zq always lies on dD. 

To see this, we fix such a Zq which we take to be 0. Since the c(0, 2;)-Green 
function ^(0, z) vanishes on dD, the vector 

(f (0. .)..... f (0.0) 

is a nonvanishing complex normal vector to dD at z. By ( 14.31) we have 
Ylt=i Cfc(^) ^^dzl^^ = on dD. Thus, at each point z G dD, the vector 
{(i{z) , . . . , (n{z)) is a holomorphic tangent vector. This observation gives 
the intuitive reason for the property of the solution Z{t) of the system of 
equations fl4.5p in the statement of the corollary. 

To verify this property of Z{t), we set up local coordinates z = {zi, . . . , z^) 
near the point zq where Zk = Xk + Wk so that 



z = (x, y) = {xi,yi,..., Xn, Vn) e 



n2n 



We let Zq correspond to z = and define "^{z) = "^{x, y) := ^(0, z). Then ^ 
is a C°° real- valued function near dD with ^ = and 1^ < on aD, where 
Hz is the unit outer normal vector to dD at {x, y); i.e., 

,dm dm d-m dm. 



Grad^f 



{x,y) 



'dxi dyi'"' dxn dyn 



is a normal vector to dD at {x,y). 
The holomorphic vector field 

k=l 

satisfies 

A dm 

J2c,{z) (z)=0 on dD. 
k=i 
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We set 

Ckiz) := ak{x, y) + ihk{x, y), k = l,...,n, 
where a^, bk are real- valued on M. Since is real- valued, it follows that 

K = l fe = l 



Consequently, if we set 



A;=l 
k=l 

then Gi, O2 are real vector fields on M which are tangential on dD. 

We consider the integral curve Z(t) = {Zi{t), . . . , Zn{t)), t E C, with 
initial value Z{0) = zq as mentioned above, so that 

^-^ = UZ{t)). tec, k = l,...,n. 
We write t = ti + it2 where (^1,^2) G I^^; Zkit) = Xkiti,t2) + iykiti.ti) and 

X{tl,t2) = {Xk{tl,t2))k=l,...,n, y{tl,t2) = {yk{tl,t2))k=l,...,n 

for (^1,^2) G I^^, so that Z(t) = x{ti,t2) + iy{ti,t2). Since Zk{t) is holomor- 

dt dti 

dXk(ti,t2) 



phic, we have ^^^^^ = ^^^A hence 



(1) "\ 

' ^'^-l^ =6,(x(t„t2),y(t„t2)) 

for (ti,t2) G M^. Analogously, = implies 

dyk{ti,t2) ( (+ + \ (+ + \\ 

■ = ak{x{ti,t2),y{ti,t2)) 



ak{x{ti,t2),y{ti,t2)) 



(2) 



dt2 

for (^1,^2) e M^. If we set ^2 = in (1), then 0), 0)) satisfies 

^^^^ =a,(x(ti,0),y(t„0)) 

^^^^^ =6,(x(t„0),y(t„0)) 
all 
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for ti G (— cxD, cxd) and (x(0, 0), ?/(0, 0)) = zq. Thus 0), 0)) is an 

integral curve for Gi with initial vaue Zq. Since 0i is tangential on dD, it 
follows that 

0), 0)) e ti e (-00, oo). 

Next, considering equation (2) with fixed ti G {—oo, +oo) and variable t2 G 
(—00,00), we see that {x{ti,t2),y{ti,t2)) is an integral curve for 62 with 
initial vaue {x{ti,0),y(ti,0)) G dD. Since Q2 is tangential on we have 

{x{ti, t2),y{ti, ts)) G <9D, ^2 e (-00, 00). 

Hence 

Z{t) = x{tut2) +iy{tut2) e dD, t e C, 

as required. □ 

We remark that the hypothesis of the corollary is satisfied if, for example, 
c> in M. 

Remark 4.1. 

1. By an elementary topological argument, the corollary immediately im- 
plies that the integral curve I{zq) of the vector field with initial value 
Zq E D [D ) always lies in D {D ). However, this does not necessarily 
imply that I{zo) ^ D (W). 

2. If dD contains at least one strictly pseudoconvex point, then ^^{t) > 
on B. 

3. In the case where dimM = n = 2, ^^(^o) = for some to E B implies 
that dD is Levi flat. 

Corollary 14. 21 is fundamental for the applications in this paper. We now prove 
a partial converse. First we remark that for any fixed t E B, 

eit,.):^±fit,F(t,^))± (4,6) 

fc=l 

is a holomorphic vector field on all of M. Thus 

&:tEB ^ Q{t,z) 

is a variation of holomorphic vector fields on M. We have the following 
result. 
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Corollary 4.3. Assume that either {z E M : c{z) 0} is a dense, open set 
in M or that dD G M is not Levi flat. Then §^{to) = for some to E B if 
and only ifQ{to,z) is a tangential vector field on dD. 

Proof. We verified the sufficiency in the proof of the previous corollary. We 
verify the necessity. From the relation Q{t,(f){t,w)) = g{t,w), for any fixed 
t e B, 

-(t, w) = -{t, z) + ^ —it, z) — {t, Fit, z)) 

k=i 

for z E D and w = Fit, z). Since Qit, 2) = on dD for all t G -B, it follows 
that 




Suppose that for some to ^ B, 0(^0, z) is tangential on dD. Since —Qito, z) 
is a defining function for dD, this is equivalent to 

E ^(^0, ^)^(^o, Fito, z)) = 0, for z E dD, 

k=l 

and hence 

^ito,w) = 0, ioTwEdDito). 

Since ^ito,w) is a continuous function on -D(to) and is c-harmonic on all of 
Dito), it follows from the uniqueness theorem that ^ito,w) = on -D(to)- 
From our second variation formula (13. 2p we have 

S(^0) = -Cn [ K.ito, W) J2 

dtdt Jsrxt,) dwadwb 

= -Cn [ K,ito,w) V J^|^)rfcr^. 

JdDito) dWh 

Thus to finish the proof it suffices to show that -^'2(^0) w;) = on dDit^). 

Recall that V = T(5 x D) where Tit,z) = it,w) = it. Fit, z)) and we 
write z = Let ipi^) be a defining function for dD and set 

(fit,w):=ipi(f>it,w)) onV; i.e., 
^jjiz) = ipit,Fit,z)) on B X D. 
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Then ip[t,w) is a defining function for dV. From tfie definition of K2{t,w) 
we can cfioose local coordinates w so that 

a=l 

Writing 

(j){t, w) = {(j)i{t, w),..., (j)n{t, w)), for {t, w) e V, 

we have 

= ^|^(t,0(t,M;))^(t,^/;) near dV. 

i=l * 

Since (j)(t,w) is holomorphic in (t,w), it follows that 



2^ 7w^(^''^^^'^))(7)r)7)r ^^^^ 



dzidzj dt dt 

i,j=i 

By assumption, Q{to, z) is tangential on dD so that 

j;^(to,F(to,^))|^W = on (4.7) 

i=l * 

This implies 

^(to,F(to,2;)) = on 
i.e., ^{to,w) = on dD{to). Hence 

K2{to,w)\\V^ip\\ = --^{to,w) on dD{to). (4.8) 
otot 

Again using 04.71) and the fact that = on dD, we have 

J2 ^{to, F{to, (^) = fiz)m near dD, 

4 = 1 * 

where f{z) is a function near dD. Since F{tQ, z) is holomorphic in z and 
= on (9_D, if we differentiate both sides of the previous equation with 
respect to Zj we obtain 

i=l -' 
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Multiplying by (-^)(to, -^(^o, z)) and adding for j = 1, . . . , n gives 




Since i(j is real-valued, formula (14.71) implies that the right-hand side of this 
equation vanishes on dD; thus (14.81) implies that K2(tQ, w) = on dDito). □ 

5 Complex Lie Groups. 

We apply Corollary 14.21 of the previous section to the study of complex Lie 
groups. Let M be a complex Lie group of complex dimension n with identity 
e. We always take M to be connected. By a theorem of Kazama, Kim 
and Oh [8], there always exists a Kahler metric on M; thus using Remark 
13.11 we conclude that M is equipped with a Hermitian metric ds^ satisfying 
condition (13. ip . We fix such a Hermitian metric and a strictly positive 
function c = c{z) on M throughout this section. 

We recall some general properties of finite-dimensional complex Lie groups. 
Let M be a complex Lie group of complex dimension n. We let j£ denote 
the set of all left-invariant holomorphic vector fields X on M and we write 
expiX for the integral curve of X with initial value e. We note that for 
any G M the integral curve of X with initial value C, is given by (^exptX. 
Moreover, for s,t G C, we have the relations 

(exptX)"^ = exp(-tX), (exp sX)(exptX) = exp(s + t)X. 

For z G M, we let T^M denote the complex tangent space of M at 2 and we 
define 



We identify X with the Lie algebra g for M with the usual Lie bracket 
[X, Y] for vector fields X, F G j£. Note that dim q = n. Finally, by the 
connectedness of M, given g G M, there exists G C and Xj G 0, i = 
1, . . . , X = N[g) such that g = YliLi exptjXj; i.e.. 



Given a Lie subalgebra Qq of g with dim go = d < n, there is a corre- 
sponding connected complex Lie subgroup H, called the integral manifold of 
go, with the following properties: 




M = {JY^^^expUXi gM : z/G 



Z+, U G C, Xi G g}. 



(5.1) 
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1. There is a holomorphic isomorphism from a neighborhood V of e in 
H onto a neighborhood U of in whose inverse is given by the 
exponential map: X & U ^ g = exp X & V. 

2. M is foliated by cosets {zH : z e M} of H; i.e., given G M, there 
exist local coordinates (p : V A = YYi=i{\'^i\ < 1} ^^Ji defined on 
a neighborhood of zq in M with (f{zo) = such that for each \bj\ < 
1, j = d + 1, . . . ,n, the rf-dimensional polydisk {w G A : = bj, j = 
d+1, . . . ,n} corresponds to the connected component of {zH)r\V where 
z = (p~^{0, . . . , 0, bd+i, . . . ,bn)- We call {ip; V, A) QQ-local coordinates at 
zq in M. 

3. If H is closed in M; i.e., if if is a (i-dimensional, non-singular, complex 
analytic set in M, the quotient space M/ H is an (n — (i)-dimensional 
complex manifold with canonical projection 

TT : z e M ^ zH e M/H. 

We remark that H is obtained as in (15.11) with Qq replacing g. Note that 
in property 2., regardless of the size of the neighborhood V of zq, we may 
have {zH nV)n {z'H n ^ for some z' = (^-^(O, . . . , 0, b'^^^, ...,b'J^z. 
If H is closed in M, however, we can always find a neighborhood V of zq 

with (2ii nv)n {z'H n 1/) = if z 7^ 

These three items concerning the subalgebra go of g form part of a holo- 
morphic Frohenius theorem for complex Lie subgroups and subalgebras. Un- 
less otherwise noted, all of our Lie subgroups will be complex Lie subgroups. 

Let D (E M be a pseudoconvex domain in M with boundary. Fix 
X G X \ {0}; C G and 

B = {teC:\t\< p} 

with p > sufficiently small so that (^exptX E D for t E B. Given w G M, 
let Ru, : M ^ M via right multiplication by w. Rw{z) := zw. We consider 
the holomorphic map T: BxM—^BxM defined as 

T{t,z) = {t,w) := {t,F{t,z)) where F{t,z) := z{CexptX)-\ 

As in Corollary 14.21 we write z = (f){t,w) if w = F{t,z) = z{( exptX)"^ so 
that (f){t, w) = w{( exptX). Let V = T{B x D). Fixing a value of t E B, we 
will write D{t) := F{t, D) = D ■ {CexptXy\ Note for t G 5 fixed, 

F{t, ■) = %exptx)-i G Aut(M). (5.2) 
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Furthermore, for each t G -B, we have e E D{t) since, by hypothesis, C, exp tX G 
D. Thus we can construct the c-Robin constant \{t) for (D(t),e); and we 
have the following. 

Lemma 5.1. Suppose 



for some to G B. Then the integral curve z exptX, t G C, with initial value 
z, of the holomorphic vector field X satisfies, for A = D, dD, or D , 

1. z E A implies z exptX G A for all t G C; 

2. A- z-^ = A-[z exp tX)-^ for all t E C and all z E M. 

Proof. From the proof of Corollary 14 . 21 the nonvanishing holomorphic vector 
field = 6(to, ■) on M defined in f l4.4p has the property that the entire 
integral curve I{zo) associated to O for any initial point zq E dD lies on dD. 
We claim that X = Q. To verify the claim, write, in local coordinates. 




and 




By left-invariance of X, for z E M, 
,d{zexp tX)k 



]\t=to = r]k{zexptoX), k = 1, ...,n. 



(5.3) 



On the other hand, by (14.41) . 



/■ ( \ ^^^1+ 171+ \\ ^d(f)k{t,w) 



t=to,w=z{(^e:>cptoX) ^• 



But z = 4>{t,w) = w{(exptX)] in particular. 



Zk = 4>k{t,w) = {wCexptX)k, k = l,... 



n. 



Hence, by (15.31) 



Uz) = [ 



d(j)k{t,w) 




dt 
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which proves X = Q. 

By Corollary 14. 2^ this proves 1. for the case A = dD. Using this result, 
as mentioned in 1. of Remark I4.H 1. holds ioi A = D and A = D . 

To prove 2., we first observe that 

21^-1 = [^i(exptX)][z2(exptX)]-\ t E C. 

Take A = dD and let ^ G M be fixed. For zi G dD, by 1., ^i(exptX) G dD 
for alH G C. Thus 

z^z-^ = [^i(exptX)][^(exptX)]-^ G (dD) ■ [^(exptX)]-^ 

so that {dD) ■ C [dD)) ■ [2;(exp For the reverse inclusion, take 

Z\ G dD\ then 2;i(exp(— tX)) G dD for all t G C by 1.; hence 

Zi[2(exptX)]"i = 2i(exp(-tX)^-i) G [dD) ■ z~^ 

so that ((9D)[2;(exptX)]~^ C [dD) ■ z~^. Similar arguments show that 2. 
holds ioi A = D and A = 13''. □ 

We make another observation based on Lemma I5.1[ From the proof, we 
see by using fl5.2p that the holomorphic vector field Q{t,z) on M defined in 
(14.61) is independent of t G -B; indeed, it coincides with X. Suppose that 
^^(^o) = for some to G B. From the necessity condition in Corollary 
14.31 X = Q{to,z) is thus a tangential vector field on dD. Fix t E B. Since 
Q{t,z) = X, the suffciency condition of the corollary implies that §^{t) = 
0. From Theorem 14.11 we conclude that D{t) = D{0) for t E B. Thus, 
D{CexptX)-'^ = DC~^ for t E B, and, aposteriori, D{CexptX)-^ = DC^ 
for all t E C. 

We continue in the setting of a complex Lie group M as before. Consider 
the following automorphism T of M x M: 

T{z,w) = {z,W) := {z,wz-^) = {z,R,-.{w)). 

Let Z) (s M be a domain with boundary and let 

V:=T{D^D) = [j^^^{z,D{z)) 

where 

D{z) := D-z-^ = R,-i{D) = {wz-^ -.wED}. 

This is a variation of domains D{z) in M with parameter space D C M. 
Note that e G D{z) for all z E D since, for z E D, zz~^ E D{z). Let G{z, W) 
be the c-Green function for {D{z),e) and A.{z) the c-Robin constant. Then 
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A{z) is a C°° function on D, called the c-Robin function for D. Finally, let 
{ak{z)}k=i,...,n be the eigenvalues (repeated with multiplicity) of the complex 
Hessian matrix [^=^^]j,k at z G D. 

The following elementary result, which we state without proof, will be 
used repeatedly in this paper. 

Proposition 5.1. Let V be a domain in C"' and let s{z) be a function on 

V . Assume that ^^atm^^'^ l l*=o ~ ^ f*^^ some zq E V and some a G C" \ {0}. 
Then for any holomorphic curve z = C(^)) N I in V with C(0) = zq and 
[^]U = a, we have [^]U = 0. 

We use Lemma [5. II to prove the following result, which will be crucial in 
all that follows. 

Lemma 5.2. Suppose D is pseudoconvex. Then —A.{z) is a plurisubhar- 
monic exhaustion function for D. Furthermore, ifai{() = for i = 1, k < 
n for some ( E D, then there exist k linearly independent holomorphic vector 
fields Xi, Xfc in X which satisfy the following conditions: For each z E D 
and each X = Xi {i = 1, . . . ,k), 

i dWt Jk=o-U, 

i. zexptXED,tEC and D ■ (zexptXy^ = D ■ z~^, t E C; 
a. A{zexptX) = A{z), t E C] 
lii. {zexptX E M -.t EC} D. 

Proof. We know that —A is plurisubharmonic by Theorem 13.21 since V is 
pseudoconvex in D x M. To show that —A is an exhaustion function for D, 
since D{z) := D ■ if z ^ rj E dD, then 772;"^ E dD{z) and r/z"^ e; 
hence we have A{z) —00 from standard potential theory arguments. 
Now suppose ai{Q = for z = 1, k < n for some ( E D; i.e., 

[ dtdt °' ^ = ''-'^ 

for linearly independent vectors bi,...,bk E C" (in local coordinates). We 
take any Xi E X such that 

Then Xi, . . . ,Xk are linearly independent in X and satisfy, by Proposition 

EH 
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For sufficiently small say for t in B = {t : \t\ < p}, we can assume 
that (exptXi (Z D, i = 1, k. Consider the transformation 

T,{t,z) = {t,w) = {t,Fi{t,z)) 

where w = Fi{t,z) = z{( exptXi)^^ . Then := Ti{B x D) defines a 
variation of domains Di(t) := Fi{t,D) = {z{( exptXi)~^ & M : z & D} = 
D ■ ((^exptXj)"^; moreover, e G Di{t), t E B. Let gi(t,w) be the c-Green 
function for {Di{t), e) and let Xi(t) be the c- Robin constant for {Di(t), e). By 
definition, we have Aj(t) = A{(exp tXi), so that 

We now make direct use of the previous result for A = D to conclude that 
z E D if and only if zexptXi E D for all t G C; also D-z~^ = D-{zexptXi)~^ 
for all t G C, so that i. is proved. Assertion i. and the definition of A{z) 
imply ii. Furthermore, since —A is an exhaustion function for D, for a fixed 
z E D the level set := {z' E D : A{z') = A{z)} is relatively compact in 
D. Together with ii. this implies iii. Finally, since —A is a plurisubharmonic 
exhaustion function for D, —A is subharmonic and bounded on the complex 
curve {zexptX, t E C}. This curve is conformally equivalent to C, C \ {0} 
or a one-dimensional compex torus and hence —A is constant on this curve, 
which implies o. □ 

Remark 5.1. Condition i. for X G X is clearly equivalent to 

D-exptX = D, te C; (5.4) 

i.e., D is invariant under the one parameter transformation group exptX of 
M. Indeed, the proof of the lemma shows that o. — iii. for X E X are all 
equivalent; and hence equivalent to fl5.4l) . 

Corollary 5.1. Suppose D <^ M is pseudoconvex with smooth boundary. 
Then —A{z) is not strictly plurisubharmonic in D if and only if there exists 
X E X \ {0} for which one of the four equivalent conditions o. ~ iii. in 
Lemma \5.2\ hold. Moreover, for such X, {zexptX E M : t E C} d A for 
z E A where A = D, dD or D . 

Proof. We have already verified the first part; and iii. verifies the last 
statement for A = D. To prove the last part for A = dD or D , from 
Lemma 15.11 we have z E A if and only if z exp tX E A for all t G C; and 
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A- z ^ = A-{z exp tX) ^. Since dD is compact, this verifies the corollary for 
A = dD. To verify the corollary for A = D , fix z & D and Zq G dD. Then 

z exp tX = zZq^{zq exp tX) 

and {20 exp tX : t G C} (s dD since 2:0 G (9Z) so that {z exp : t G C} (s M. 
Thus it suffices to show that 

zexptXndD = 0. (5.5) 

If (15. 5 p does not hold, there exists a point r] G (9-D and a sequence in 
C such that z{expt^X) — > 77 as — 00. We write Di{z) := D ■ z~^ for 
z & D . Then e G -Di(2;) for such 2, so that we can consider the c-Green 
function Gi(2;, •) and the c-Robin constant I^ii^z) for {Di{z),e). (Note that 
although Di{z) is not necessarily relatively compact in M, we can define 
the c-Green function Gi{z.,-) and the c-Robin constant Ai(z) for {Di{z).,e) 
by a standard exhaustion method.) If Z G -D ^ 77 G then rjZ^^ G 
dDi{Z) and r^Z^^ ^ e; thus Ai(Z) ^ —00 as Z ^ t]. In particular, 
Ai(z(exp t^X)) —00 as ^ 00. On the other hand, from the previous 
results, Di{z) = Di^zexpt^X),^ = 1,2,.... Thus, Ai(2;) = Ai(2expt,^X) 
for all z/, and since A.i{z) > —00, we obtain a contradiction, verifying (15.51) . 
□ 

Corollary 5.2. Suppose D (£ M is pseudoconvex with C°° boundary. Let 
c > be a C°° function on M and let A{z) be the c-Robin function for 
D. If the complex Hessian matrix [§j^^^(C)] has a zero eigenvalue with 
multiplicity k > 1 at some point ( E D, then the complex Hessian matrix of 
any plurisubharmonic exhaustion function s{z) for D has a zero eigenvalue 
with multiplicity at least k at each point z E D. 

Proof. Take Xj G j£ \ {0}, i = l,...,k as in the lemma. Given z E D, 
{zexptXi : t G C} d -D. Thus if s is any plurisubharmonic exhaustion 
function for D, s is subharmonic and bounded on this complex curve and 
hence, as in the proof of Corollary 15.11 s is constant on the curve. Thus 
i dz^dz (^)] ^ eigenvalue of multiplicity at least k (cf., [T7j Proposition 
2.1). This is valid for each z E D. □ 

We remark that the conclusion of the corollary implies, in particular, that 
D is not Stein. We now address the following question: for a complex Lie 
group M , when is a pseudoconvex domain D M with C°° boundary Steinl 
An answer is provided in the following result. 

Theorem 5.1. Let D (£ M be a pseudoconvex domain with smooth boundary 
which is not Stein. Then 
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/. there exists a unique connected complex Lie subgroup H of M such that 



1. din\H>l; 

2. D is foliated by cosets of H; D = IJ^eD ^^^^ 

3. any holomorphic curve i := {z = z{t) E D : t E C} with i D 
is necessarily contained in some coset zH in D. 

II. Furthermore, if H is closed in M and vr : M M/H is the canonical 
projection, then H is a complex torus and there exists a Stein domain 
Dq d M/H with smooth boundary such that D = 7r~^(Do). 

Proof. Let A{z) denote the c-Robin function on D; this is a C°° plurisubhar- 
monic exhaustion function on D. We utihze A(z) to define a Lie subalgebra 
flo of Q and a candidate Lie subroup H using fl5.ll) with Qq replacing q. We 
begin with the construction of Qq, then of H; finally we verify the properties 
of H. We divide this procedure into several steps. 
step. Let C, E D and define 

Then is independent of C, E D and dim = c? > 1 . 

Indeed, since D is not Stein, —A (2) is not strictly plurisubharmonic on 
i.e., in local coordinates there exists a point ( E D and 6 G C" \ {0} 
such that [^-^^=^]|(=o = 0. The 1'^* step now follows from Lemma [5.21 and 
Corollary O □ 

Thus we write go '■= ^c- ^^^^ show in the 3'''^ step that go is, indeed, 
a Lie subalgebra of g. 

2"''^ step. Fix C £ -D and an integer m > 1. Then 

HC nr=i exptfcXfc) = A(C), for all 4 G C, Xk E go- 

To see this, from Corollary 15.11 and (15. 4p we have 

D ■ (exptrnXm)"^ = D, for all t^ EC, X„ G go- 
Thus for tm-i E C, 

D ■ {exptra-lXm-iexptraXmy^ = D ■ (cxp t„X„)"^ (cxp 

= D ■ (exptm-lXm-iy^ 

= D. 
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Inductively, we have 

D ■ [rifcLi^xptfc-^fc]""^ = D, for all 4 G C, Xk e Xq. 
This is equivalent to 

D ■ [C UZi exp tkX,]-' =D-C\ for all h G C, e go- 

The 2""^ step now follows immediately from the definition of ^{z). □ 
3'''^ step. The space go is a Lie suhalgehra of q; i.e., Qq is a linear subspace 

of Q and X, Y e go implies [X, Y] G go- 

To prove that go is a linear subspace of g, fix ^ G -D; let X, F G go; and 

let a, /3 G C. Since it is clear that aX, j3Y E Qo, from the 2"'^ step we have 

A(C exp{at)X exp{(3t)Y) = A(C), for all t G C. 

Thus 

92A(C exp(at)X exp(/5t)F) 

^ dm J'*=° - °- 

It is a standard result that for any X, F G g 

exp(at)X exp{l3t)Y = exp[t {aX + /3Y) + 0{t'^) ] (5.6) 

near t = and hence it follows that 

d{Cexpt{aX + f3Y)) _ d{Cexp{at)X exp{(3t)Y) 
^ It J'*=° " ^ dt J'*=°- 

Using Proposition 15.11 we see that aX + [3Y G go; i.e., 

, a^A(Cexpt(aX + /3y)) ^, ^ g^A(C (exp(at)X exp(/3t)y)) ,, _ 

(5.7) 

To prove that X, r G go implies [X, F] G go, fix C e ^- From the 2"^ step 
we have 

A(Cexp(-v/tX) exp(-Vtr) exp ^TtX exp VtY) = A(C), for all t G C. 

On the other hand, it is known that 

exp(-VtX) exp(-v^r) exp VtX exp VtY = exp(t[X,y]) + 0{t^/^)) 

(5.8) 
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near t = so that 



d{C exp{-ViX) exp(-v^F) exp v^X exp VtY) _ d{C expt[X,Y]). 



dt ^1*=°-^ It Jl*=°- 



It follows from Proposition 15.11 that 
a2A(Cexp(t[X,F]) 

^ dm ^'*=° 

92 A (C exp(-v^X) exp(-v/tF) exp exp y/tY) 

Since [X, Y] G X, we see from Lemma EiSl and Corollary 15.11 that [X, Y] G 0o- 
□ 

From the Frobenius theorem described at the beginning of this section 
and the fact that Qq is a Lie subalgebra of g, we have the integral manifold 
H m M for Qq passing through the identity e, i.e., from fl5.1l) . 

H = {UU^^ptiXi eM : uez+, ueC, x,e go}- (5.10) 

4*'' step. H satisfies conditions 1., 2. and 3. in Theorem \5.1[ 
Since dim H = dim Qq > 1, H satisfies 1. Fix ( ^ D. We consider the 
level set 

S^:={zeD: Aiz) = A(C)}. 

Since —A is an exhaustion function for D, we have S(; D. Fix X G go- We 
have 

A(CexptX) = A(C), foralHGC 

so that (exptX C 5^. Since t G C and X G go were arbitrary, it follows from 
(Km that we have A(C^) = A(C) for all g E H. Hence (H C S^; D. The 
conclusion that D has a foliation D = Uz^d^H follows from this observation 
together with the fact that M itself is foliated by cosets M = U^eM^H (the 
second item of the Frobenius theorem). Thus H satisfies 2. 

We shall prove that H satisfies 3. by contradiction. Thus we assume that 
there exists a holomorphic curve i := {z = z{t) E D : t E C} with i D and 
with the property that there exists a coset ZqH in D with i fl ZqH 7^ and 
i <f. ZqH. Since D is foliated by cosets zH., we may assume that i and ZqH 
intersect transversally at some point C in D. Let a G C \ {0} be a tangent 
vector of ^ at C and choose X G X such that X(C) = a. By assumption 
A = const. = A{() on i. It follows from Lemma 15.11 that X G go, so 
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that C := {CexptX : t G C} C C,H . However, the curve C intersects ZqH 
transversally; in particular, C (f. ZqH. From property 2., since ZoHn(H ^ 0, 
we have zqH = (H, which yields a contradiction. □ 

5*^ step. H satisfying 1., 2. and 3. is uniquely determined. 

Let H be another Lie subgroup of M which satisfies 1., 2. and 3. in the 
theorem. We write 0o for the connected Lie subalgebra of q which corresponds 
to H. Thus from flTTD . 

H = { nr=i exptiXi G M : z/ G Z+, G C, X, G flo }• 

Fix X G 00 and ( G D. Since (^if d D, it follows from condition 3. for H 
that the analytic curve {Cexp tX, t G C} passing through ( is contained in 
(H. By the above description of H we inductively have (H C so that 
H d H . The converse inclusion is proved in a similar fashion. □ 

step. Assertion II is true. 

Suppose H is closed in M. By 2. i7 is compact in M, so that if is a 
compact complex Lie group, i.e., a complex torus. Let tt : M i— > M/H be 
the canonical projection. We set Dq := ii{D) C M/H. Since D is foliated 
by cosets of H (property 2.), ti~^{Dq) = D; moreover, 7i~^{dD()) = dD, and 
since dD is smooth in M we have ODq is smooth in M/H. Given G Dq, 
we choose a point C G 7r~^(,^) C -D and define 

Ao(0 := A(C). 

Again from property 2., this does not depend on the choice of ( & D with 
7r(C) = ^; i.e., Aq is a well-defined function on Dq. We show that Aq is a C°° 
strictly plurisubharmonic exhaustion function for Dq. 

To this end, let ^„ G -Dq ^ ^ ^Dq C M/H as n — oo. We can choose 
(n ^ D and ( G c?-D with 7r(C„) = and 7r(C) = ^ in such a way that 
Cn — C in M as ^ oo. Since —A is an exhaustion function for D, it follows 
that — Ao(^ri) = ~A(C„) — > cxD, so that — Aq is an exhaustion function for 
Dq. Next, fix ^0 £ Dq and take a point (q & D with 7r~^((^o) = ^o- From 2. 
of the Frobenius theorem we have Qq-IocslI coordinates ip : V D A = 
nr=i{ki| < 1} with ifiCo) = 0. We write 

w = [wi, . . .,Wd; Wd+i, . . . , Wn) = {w'] w") G A' X A" = A 

where A' = HiLid'^il < 1} and A" = niLd+iil""-'*! ^ -'-}' write 
= (0';0") G A' X A". We define, for w" G A", s{w") := ip^\0';w") C V. 
Then, since H is closed in M, V = Uu]"£A" {s{w")H) fl F and this is a 
disjoint union (if necessary, take a smaller neighborhood V of Co)- Setting 
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tt{V) = 6 C Dq, for any ^ E 6 there exists a unique point w" G A" such that 
n{s{w")) = ^. Consequently, 

iPo:^e6^w"e A" 

gives local coordinates for the neighborhood 6 of iii -Do- Identifying s{w") 
with (0'; w") via the mapping (f and identifying ^ with w" via the mapping 
ipo, from the definition of Aq for w" = {wd+i, ■ ■ ■ , Wn) € A" we have 

Ao(uid+i, ...,Wn)= A(0, . . . , 0; Wd+i, • • • , m^„,). (5.11) 

Since —A is plurisubharmonic on A, it follows that — Aq is plurisubharmonic 
on A", and hence — Aq is plurisubharmonic on Dq. It remains to verify 
that — Aq is strictly plurisubharmonic on Dq. If not, there exists a point 
^0 ^ Dq at which — Aq is not strictly plurisubharmonic. From formula fl5.1ip 
— Ao(ifd+i, • • • , is not strictly plurisubharmonic at the origin 0". Thus 
— A(0, . . . , 0; Wd+ii . . . , Wn) is not strictly plurisubharmonic at w" = 0". This 
means that there exists {bd+i, ■ ■ ■ , bn) G C"~"' \ {0"} such that 

On the other hand, from the previous steps we know that A{w'; 0") = A(0'; 0") 
on A'; thus it follows that there exist at least d + 1 linearly independent 
eigenvectors with eigenvalue for the matrix [^j-^]i,j=i,...,n at Co = ^(O") G 
D. This contradicts the definition of the dimension d of Qq. □ 

Remark 5.2. In Theorem 15. II the complex Lie group M is a real Lie group 
of dimension 2n with real Lie algebra q. If if is not closed in M the closure H 
of if in M is a closed real Lie subgroup of M whose real dimension m is less 
than 2n. In this case, we have the real Lie subalgebra go C 5 corresponding 
to H, and the projection tt : M — > M/H, where M/H is a real manifold 
of dimension 2n — m. From properties 1. and 2., ii is a compact real 
submanifold in M with H G D and D is foliated by cosets of H, so that 
A = const, on each zH, z E D. Furthermore, Dq := t^{D) is a relatively 
compact domain with smooth boundary in M/H and D = tt^^^Dq). 

Corollary 5.3. The subgroup H of M in Theorem \5.1\ is normal. 

Proof. We may assume that D contains the identity, e. For if zq E D 
and we define Di := Zq^D, then D is a pseudoconvex domain with smooth 
boundary; Di is not Stein; and e G i^i. Let Ai be the c- Robin function for 
Di. Assume that X G X satisfies 

d'^A{zoexptX) 

[ — mm — = 
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Then by Corollary Owe have C := {zoexptX E M : t eC} D. We thus 
have Ci := {exptX G M : t G C} d Zq^D = Di, so that Ai = const, on Ci. 
Thus, 

A similar argument shows that (**) implies (*). It follows that the Lie 
subroup Hi in Theorem 15. II corresponding to Dx coincides with H. Thus we 
may indeed assume that e G -D. 

We consider the isomorphism T((^, 2) of M for 2 G M given by left mul- 
tiplication by z~^: 

f{C,z): C e M ^ w = z-^C ^ M. 

This induces the variation of domains D{z) in M: 

V: zeD^ D{z) = z-^D. 

Since each D{z), z E D, contains the identity element e, we can form the 
c-Robin function X{z) on D. We let g denote the Lie algebra consisting of all 
right-invariant holomorphic vector fields on M. For a fixed C G -D we define 

. ,~ a^A((exptX)C) 
0o.= {XG0.[ ]U = 0}. 

As with Qo, the set Qq is a Lie subalgebra of g. We construct the connected 
Lie subgroup H corresponding to Qq: 

H ■■= { nr=i exptiX, e M -.1^ e Z+, tiE C, X, G go } 

with dimH = d > 1 and satisying the corresponding properties L,2. and 3. 
in Theorem 15 ■![ We first prove that 

zH = Hz, for any z E D. (5.12) 

To prove this, fix 2 G -D and p E Hz with p = {Y[i=i ^^P ti-^i) ^ some 
ti E C and Xi E H. Condition 2. for H implies that the analytic curve 
Ci, := {{exptX^)z : t G C} is relatively compact in D. Condition 3. for H 
thus implies that C^, d zH. In paricular, z^, := {expt^Xi,)z E zH and hence 
z^H C zH. If we consider the analytic curve Ci,_i := {{exptX^_i)z^ E 
M : t E C}, then a similar argument shows that d 2;iif, so that 

z^-i := {expti,^iX^^i)zi, E ZyH C zH , and hence z^^iH C Repeating 
this argument we obtain {exptiXi)z2 E Z2H C zH, i.e., p E zH. We thus 
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have Hz C zH . The reverse inclusion is proved similarly and equality fl5.12p 
holds for z G -D. 

Since e G -D it follows that H = H. Thus zH = Hz for z & D. To extend 
this equality to all z G M, we consider 

A:={ze M : z-^Hz = H} C M. 

Then D G A and we want to show that A = M. Clearly H G A and A is 
a subgroup of M. Since e G -D C we can choose a neighborhood V C ^ 
of e. We utilize this neighborhood V to show that ^ is open and closed in 
M. To show that A is open, fix zq G A. Then is a neighborhood of Zq 
in M. Since ^ C it follows that Vzq G A (since .4 is a group), and hence 
A is open. To show that A is closed, fix a point ( G dA. Choose z G A 
sufficiently close to ( so that a := z~^C G V G A. Hence ( = za G A, and A 
is closed. □ 

We shall give two concrete examples of complex Lie groups M in Theorem 
IS.ll or Remark 1 5. 2 [ 

1. Consider 

M = Ante = {az + b : a G C \ {0}, b G C}. 

This is a complex Lie group of complex dimension 2 with the group operation 
of composition. This composition gives a group multiplication on C\ {0} x C 
which is noncommutative: (a, b) ■ (c, d) = (ac, ad + b). That is, if f{z) = az + b 
and g{z) = cz + d, then 

(/ o g){z) = {ac)z + {ad + b). 
Note that any left-invariant holomorphic vector field on M is of the form 

X = aXi + (3X2, a,/5GC, 

where 

Xi = a-g^, X2 = a-g^. 

We have 

exptXi = (e*, 0) and exp = (1, t). 

Hence, exptX = (e"*, P '^"1"^ ); so that the integral curve /(ao,feo) with 
given initial value (oq, bo) G C \ {0} x C is 

(ao,6o) ■ exptX = (ao expat, aop + 60), 



so that I{ao,bo) is a complex line in C\ {0} x C defined by [3a — ab = Pao — abo- 
Thus a non-constant, entire integral curve for X is never relatively compact 
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in M (this fact also follows from the Liouville theorem). It follows that any 
smoothly bounded pseudoconvex domain D M is Stein. 

2. Grauert gave an example of a pseudoconvex domain D with smooth 
boundary which is not Stein. Moreover, D admits no nonconstant holomor- 
phic functions. This domain lies in a complex torus T of complex dimension 
2 (cf., [5] and Example 3 in p. 324 in [15j). Our goal is to describe all pseu- 
doconvex subdomains D of T with smooth boundary which are not Stein. 
The key tools we will use are Theorem 15.11 and Remark 15. 2[ 

We begin with real 4-dimensional Euclidean space with coordinates 
x= {xi,X2,x^,Xa). Let 

ei = (1, 0, 0, 0), 62 = (0, 1, 0, 0), 63 = (0, 0, 1, 0), 64 = (0, 0, e, 1) in M^ 

where ^ is an irrational number. Initially we consider the real 4-dimensional 
torus: 

T:=MV[ei,e2,e3,e4] =Ti x Ta, 
where Ti = M.^^^^^/[e{,e'^ and T2 = M.^,^^^^/[e'^,e'^, with 

e'l = (1,0), e'2 = (0,1) inM,, x M,,; 
e'3 = (l,0), el = (e,l) inM,3xM,,. 

This torus T is a real Lie group with real Lie algebra 

Following Grauert, we impose the complex structure 

z = Xi + ixs, w = X2 + ix4^ 

on T. Then T, equipped with this complex structure, becomes a com- 
plex torus T of complex dimension 2. Note that 61,62,63,64 correspond 
to (1, 0), (0, 1), {i, 0), {i^, i) in C^. Grauert showed that 

D = D{ci, C2) ■.= {ci<^z< 62} C T, 

where < Ci < C2 < 1, is a pseudoconvex domain which admits no non- 
constant holomorphic functions. 

The complex Lie algebra of the complex Lie group T is 
e = {ai + (3£:a,(3eC}. 
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Remark 5.3. 

1. A point (xi, a:2, X3, X4) in (and, more generally, a subset K C M^) 
will often be identified with the point (xi, X2, X3, X4)/[ei, 62, 63, 64] in T (and 
-^/[ci, 62, 63, 64] in T). A similar remark applies to points and subsets in 
]Ra.j X (or M^-'s X 1^x4) being identified with points and subsets in Ti (or 
T2). In particular, let Li be a line in M^-j x M.X2 containing the origin. Then Li 
defines a simple closed curve li = Li/[e'^^e'^ in Ti if and only if Li contains 
a point in M^ii x 1^X2 of f he form (m, n) where m,n E Z . In this case, there 
exist unique such m, n G up to a sign with {m,n) = ±1, and li may be 
identified with the segment joining (0, 0) and (m, n) in M^;^ x Ma-^. If we need 
to consider a directed line Li and an oriented curve li, we fix the direction 
of Li as that given by the directed line segment from (0,0) to (m, n), and 
this induces what we will call the positive orientation on li. Moreover, if we 
fix mi, Til G Z such that min — mni = 1, then the parallelogram Ai with 
vertices (0, 0), (mi, ni), (m, n), (mi + m, rii + n) is a fundamental domain of 
Ti, which we call a standard fundamental domain associated to Li. (For 
future convention we choose min — nim = 1.) The segment joining (0,0) 
and (mi, ni) in M^-j x M^-j defines a simple closed curve in Ti, which we denote 
by /*. Note that (mi,r;.i) G Li + (1/n, 0). 

2. Let L2 be a line in M^.,, x M^.^ containing the origin. Then L2 defines 
a simple closed curve I2 = L2/[e'^, e'^] in T2 if and only if L2 contains a point 
(M', n') where M' = m' + n'^ with m', n' G .Z. Then there exist unique 
such m' E Z, n' E Z^ with [m! ,n!^ = ±1, and ^2 may be identified with 
the segment joining (0,0) and {M',n') in M^-g x IRa.,^. We fix the direction of 
L2 as that given by the directed line segment from (0,0) to (m' + n'^,n'), 
and this induces what we will call the positive orientation on 12- If we fix 
m[,ni G Z such that m'i?7.' — m'n[ = 1, then the parallelogram A2 with 
vertices (0, 0), (M{, n[), (Mi, rii), {M[ + Mi,n[ + rii) (where M[ = m^ + n[^) 
is a fundamental domain of T2, which we call a standard fundamental domain 
associated to L2. The segment joining (0, 0) and {M[, n[) in M3.3 x M^,^ defines 
a simple closed curve in T2, which we denote by Zg- Note that {M[,n[) G 
L2 + (l/n',0). 

3. Finally, we mention that if Li,L[ (^2,-^2) are distinct parallel lines 
in Mj.^ X Mj-j (Mi;3 x M.^^), then for the corresponding curves li, l[ {I2, 12) in Ti 
(T2) either h f] l[ = dS {h n = 0) or h = l[ {h = Q- 

Let D (s T be a pseudoconvex domain with smooth boundary which is 
not Stein. We consider the c-Robin function K{z,w) on D, where c = 1 on 
T. By Theorem O there exists X = a§-^ + [3-§^ e Q with {a, (3) ^ (0,0) 
such that D(exptX)~^ = -D, t G C. Since the integral curve exptX, t G C 



39 



for X passing through in T is 

{z, w) = {at, (5t) e X C^, t e C, 

the above formula means simply that D + {at,(3t) = D, t E C Since 
dim T = 2, the Lie subalgebra go associated to D from Theorem 15. II and the 
corresponding Lie subgroup H are of the form 

go = {cX e q: ceC}, H = {{at, (3t) E T : t E C}. (5.13) 

We consider three cases in f l5.13p : 

(1) a = 0, (2) /5 = 0, (3) a, p ^ 0. 

In case (1), the subalgebra go is {c^ : c G C} and the Lie subgroup 

H = {{0, pt) : t E C} = {0} X the u;-plane = {0} x C^; 

i.e., 

H = {{0,w)/[{l,0),{0,l),{t,0),{t^,t)] 

We shall show that H is not closed in T and the closure in T is diffeo- 
morphic to S*^ x T2. In fact, as a set in T = Ti x T2, if is equal to 

AxB:={{0, M,J/[(1, 0), (0, 1)] ) X ( (0, M.J/[(1, 0), {^, 1)] ) C T, x T^. 

Clearly A is closed, and A = {0} x M^^^^/ll] = {0} ^ S^. Since ^ is irrational, 
it is standard that B is not closed in T2 and B = T2. Thus the closure H of 
if in T can be identified with 

H = ({0} X S') X T2 = {xi = 0}/[(l, 0), (0, 1), (z, 0), (z^, z)], 

as claimed. We note that H is a. closed real Lie subgroup of T with real Lie 
subalgebra {^^=2 '^i af"}- "^^^ quotient space T/H = := {xi E Rx2/[M} 
and the projection tt : T 1— > T/H is tt{z,w) = Xi. From Remark 15.21 D is 
foliated by cosets of H; thus there exists a subdomain Dq = {01,02) C 
such that D = tt~^{Dq); i.e., D = {ci < Xi < C2} C T. This is the Grauert 
example. 

In case (2), the subalgebra go is {c^ : c E C} and the Lie subgroup 
H = {{at, 0) : t e C} = the 2-plane x {0} = x {0}; 

i.e., 

H = {{z, 0)/[(l, 0), (0, 1), {z, 0), (ze, i)]ET:zE C J. 
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We shall show that H is closed in T and is holomorphically equivalent to the 
standard one- dimensional torus Ti = C/[l,z]. In fact, since zi ~ Z2 modulo 
[1, i] in if and only if {zi, 0) ~ (22, 0) modulo [(1, 0), (0, 1), (i, 0), (i^, i)] in 
C^, it follows that 

H = CJ[l,t] X {0} 

so that H = TiX {0}, as claimed. Moreover, we have {zi, Wi)+H = (22, ^2) + 
H in T if and ony if wi ~ W2 modulo [1, i]. The "only if" direction is clear. 
To prove the reverse direction, fix {zi, wi), {z2, w^) G with wi ~ W2 modulo 
[1,2], i.e., W2 — W1 = p + iq for some p,q & Z. Since {z,p + qi) — {z — q^i, 0) = 
p{0, 1) + q{i^, i) = (0, 0) in T for any 2 G C, it follows that 

{z2,W2) = {zi,wi) + (22 - zi,p + qi) 

= (zi, wi) + {Z2 - zi- q^i, 0) e {zi, wi) + H in T, 

as claimed. In particular, {z, w) + H = {0,w) + H in T for any z E C, and 
(0, w) + H = {0,w') + in T if and only if w ^ w' modulo Hence 
T/H = {0} X C^/[l, t] = {0} X Ti, so that T = Ti x Ti. By II in Theorem 
15.11 using the projection n : T T/ H = Ti, we see that there exists a 
domain Dq C Ti with smooth boundary such that D = 71^^ (Dq). 

We consider case (3). Write (3 /a = a + ih. Then the integral curve 
{exp tX, t G C} starting at (0, 0) can be written as 

S : w = {a + ih)z in C2 x C^, 

so that 5/[(l, 0), (0, 1), (i, 0), (i^, 0] is the Lie subgroup H of T. For future 
use we note that 

S : X2 + ix/^ = {a + ih){xi + iX'i) in M"^ (5-14) 

defines a real two-dimensional plane passing through the origin in M^; more- 
over we may identify H with S/[ei, 62, 63, 64]. 
We consider two subcases: 

(i)fe = 0; (11)67^0. (5.15) 

Note that in case (i) S = {x2 = axi, X4 = ax^} is the product of two (not 
necessarily closed) curves Hi = {x2 = axi} C Ti and H2 = {x^ = 0x3} C T2 
in T. 

We also make the distinction between the two options: 

(i') a is rational; a = q/p, p,q relatively prime; (ii') a is irrational. 
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In case (i'), Hi defines a closed curve 71 in Ti determined by the segment 
[(0, 0), (p, q)] in M^, while H2 is dense in T2. Hence = 71 x T2 is a closed 
real Lie subgroup in T with corresponding real Lie subalgebra given by 

^0 = + a^) + + : ci, C2, C3 G M}. 

Using the projection vr : T — s> T/i/ yields that T/i7 is diffeomorphic to 
= ]R/[l/g]. From Remark 15.21 there exist 0<ai<a2<l/q' such that 
D = 7r~^(ai,a2) = Ua^<s<a2{{s,0;0,0) + 71 x T2). Thus, in case (i'), 

D ^ (ai, 02) X 7i X r2 

two-dimensional complex manifold. 
Case (ii') will be divided further into two subcases depending on whether 
- — ^ is rational (i.e., - — ^ = p/q) or irrational. The former case is similar 
to case (i'): since q = a{q^ + p), we have (g^ + P,q) G H2. This point is 
equivalent to (0, 0) G T2, so that H2 defines a simple, closed curve 72 in T2 
(see Remark 15.31) . On the other hand, since a is irrational. Hi is dense in Ti. 
Hence H = Ti x 72, which is a real Lie subgroup of T. The quotient space 
T/H = M./[l/q] =: S^. Again from Remark l5.2l there exist < ai < a2 < 1/q 
such that 

^ = U,<.<a. (TiX72 + (0,0;.,0)). 

In case i— ^ is irrational. Hi and H2 are dense in Ti and T2. But H1XH2 d D, 
so that Ti X T2 (E which yields a contradiction since D T. In other 
words, the case - — C irrational cannot occur. 

We turn to case (ii) in our previous dichotomy f l5.15p : 6 7^ 0. Here a may 
be either rational or irrational. From 05.141) S* C may be written as 



axi — 6x3 
bxi + ax 3 



(xi.xs) G R^^ X 



^X3 



or, equivalently. 



Axi + Bx2, 
Cxi — Ax2, 



where 



a 



(X3,X4) gM.3 xM,„ (5.16) 



1 ^ a^ + b^ 



Note that A, B, C are related via the Jacobian: 

^pl^ = -A^-BC 

0[Xi,X2) 
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We will show the following: 

1. (i) There exists a unique set of six integers m,n,m' G Z;n',p,q G 
where {m,n), {m',n') = ±1, (j),q) = 1, such that a, b can be written in the 
following form: 

P1P2 + qiq2 , P2qi - Piq2 
a = — — —, b= — — —, (5.17) 

Pi + qt Pi + Ql 

where 

M' := m! + n'^; pi := M'p, p2 := n'p, qi := mq, q2 := nq. (5.18) 
1. (ii) The integral curve S in jS.l^ ) contains the following two points: 

( g(m, n), p(M', n') ), (p(l/n, 0), q{l/n\ 0) + r/(M', n') ), 
where ri = P2+I2 — ^ Note that ri is irrational. 

I nw P2qi—piq2 ' 

2. (i) The closure H of H in T is a closed real Lie subgroup of T whose 
corresponding real Lie subalgebra t)o of f) is generated by 

( d d d d 

^ 0x1 0X2 OX-i 0x4 

fegi - Piq2) ^ + {piP2 + ^1^2)^ + {pI + ^2)^}- (5-19) 



We proceed to give a more precise description of H. Assuming 1., let 

Li : {(xi,X2) : mx2 = nxi} = {t(m, n) : t G M} in M.^-^ x M^-j; 

L2 ■■ {{xs, X4) : M'xi = n'xs} = {t(M', n') : t E R} in x M^^. 

Since m,n E Z, Li defines a simple closed curve li with positive orientation 
in the real torus Ti (see 1. in Remark 15.31) . and from fl5.18p . specifically, 
the relation M' = m' + n'^, L2 defines a simple closed curve I2 with positive 
orientation in the real torus T2 (see 2. in Remark 15.31) . Given < s < 1, 
define 

£i(s) := Li +ps(l/n,0) = {t(m,n) +ps(l/n,0) : t G M} in M^^ x M^, 
£2(5) := L2 + gs(l/n',0) = {t(M',n') + gs(l/n',0) : t G M} in x M^, 

Then £i(s) and C2{s) also define simple closed curves /i(s) and hi^s) in Ti 
and T2; /i(s) is a curve in Ti, which, in M^.^ x M^.^, is parallel to li translated 
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by the vector ps{-, 0). Similarly, l2{s) is parallel to I2 in M^.., x M^.^ translated 
by the vector qs{^, 0). We have k = /,j(0) = for z = 1, 2 and 

Ms') X kis')) n X k{s")) = if s' ^ s"- (5.20) 

Note that we may have, e.g., li{s') = li{s") if s' 7^ s" but then l2{s') 7^ ^2('S") 
from (p, g) = 1 so that (15.201) holds (cf., 3. in Remark 15.31) . 
2. (ii) The set 

S := Uo<.<i ^i(^) X ^2is), (5.21) 

is a real, 3- dimensional compact submanifold of T, and H = H. Given 
<t < 1, if we define 

E{t) := (t, 0; 0, 0) + = (t, 0; 0, 0) + S, 

a coset of H , then S(0) = S(l) = J] = H and otherwise S(t') fl S(t") = % in 
T iff ^t". 

3. VFe /iafe 

T = Uo<*<i S(t). (5.22) 
r/ie quotient space T/ H = = and 

D = U,<t<t. m, (5.23) 

where < ti < t2 < I. 

We will also prove a converse statement: 

4. Given integers m,n,m' G Z;n',p,q G wi/i {m,n), {m',n') = 
±1, (p, g) = 1, t(;e can find a, 6 G M satisfying ^5.17^ and 115. 18\) to construct a 
pseudoconvex domain D G T with smooth boundary which is not Stein. This 
domain has the property that D{t exp tX)~^ = D for allt G C and for all t G 
D where X is a nonzero holomorphic vector field with the property that the Lie 
subgroup HofT corresponding to the Lie subalgebra Qq = {cX E Q : c E C} is 
equal to {w = {a + bi)z}/[ei, 62, 63, 64]. Moreover, every holomorphic function 
on D is constant. 

We proceed with the proofs of items 1. through 4. Following fl5.16p we 
write 

F : (xi, X2) ^ (X3, X4) = {Axi + 5x2, Cxi - AX2), 
: (xs, X4) (xi, X2) = {-Axs - 5x4, -Cx^ + AX4) 
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so that -F, F ^ are linear mappings and 



= {(xi,X2,F(xi,X2)) e : (xi,X2) e M^.i X M^.J/[ei,e2,e3,e4] in T. 
By Sard's theorem there exists a point E D such that 

The c- Robin function A(x) is invariant under parallel translation in since 
the operator A — c = A — 1 associated to the Euclidean metric Ylt=i 
invariant under parallel translation. Thus if we write Di := D — in T and 
Ai(x) is the c- Robin function for Di, then Ai{x) = A{x + x^). Therefore we 
may assume that D contains the origin and V A(0) ^ 0. Thus H (£ D and 
A(x) = A(0) on H. 

For 771,11 E Z, we set 

P{m, n) := (m, n, F{m, n)) = [m, n, Am + Bn, Cm — An) G H. 

Note that such a point is equal to (0, 0, F{m, n)) = (0, 0, Am + Bn, Cm — An) 
in T. We set V := {F(m, n) E M^^g x M^^ : m, n G Z} and 

V = {F{m, n) + {K, I) E R^,, x M^^ -.m^n^kjE Z} 

where K = k + l^. Then V/[e'r^,e'^] = V / [e'^, e'^]; i.e., V and V define the 
same set in T2. We show: 

The closure Cl[P] of V in x consists of an infinite number of 
parallel lines the same distance apart, one of which passes through the origin 
(0,0). 

Note that, by definition, V is an additive subgroup in IR^^g xM^.^. Moreover, 
V cannot lie on a single line so that Cl[V] is not a single line containing the 
origin. To verify the italicized statement we must first rule out two other 
possibilities: 

i. V is an isolated set in M^-g x Ma-^; 



ii. Cl[V] = X 



To prove that i. does not occur, let A be a fundamental parallelogram of T2 
with vertices (0, 0), (1, 0), (^, 1), and (1 + C) !)• Then each point P(m, n) in V 
is equivalent to some point P'{m,n) in A. Since A is bounded, it is enough 
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to show that {P'{m,n)}m,nez consists of infinitely many distinct points in 
A. We first verify that for any three pairs (mj, rij) E Z x Z, z = 0, 1, 2, 

P [mo, no) = P [mi,ni) = P {m2,n2) imphes = . (5.25) 

rii - no 77-2 - no 

For the sake of obtaining a contradiction, suppose ^ rn2-mo ^ r^^i^ 

condition P'{mo,no) = P'{mi,ni) = P'{m2,n2) implies that there exist 
(Pj! Qi) E Z X Z, z = 0, 1, 2 such that the three points 

{{Anii + Bni - {p, + g^^), Cm^ - Ani - qi)}i=o,i,2 

are the same in A. This means that 

A{mi - mo) + B{ni - no) = (pi - po) + (gi - go)C, 
A{m2 - mo) + B{n2 - no) = {p2 - Po) + (^2 - Qo)^, 

C{mi - mo) - A{ni - no) = gi - go, (5.26) 

C(m2 - mo) - A{n2 - no) = g2 - go- 

From the last two equations it follows that C and A are rational. Using the 
relation A"^ + BC + 1 = 0, B must be rational as well. Since ^ is irrational, 
we have gi — go = 92 — Q'o = 0; hence A = C = 0, yielding a contradiction. 
This proves (15.251) . Now suppose {P'{ni,n)}m,nez is a finite set in A. Then 
i "ni-rio }mo,mi,no,niez would have to be a finite set of rational numbers, which 
it is not. 

We next rule out case ii. Assume, for the sake of obtaining a contra- 
diction, that Cl[V] = ]Ra;3 X 1^X4- Since A(x) = A(0) on H and since 
(0,0; P) C H, from continuity it follows that A(x) = A(0) on (0, 0; C/[P]). 
Hence A(0,0;X3,X4) = A(0) on T2. In particular, ^ = ^ = at 0. 
Moreover, since A = A(0) on H = {w = {a + bi)z}/[ei,e2,e3,e^], i.e., 
A{z, (a + bi)z) = A(0) in where z = Xi + ix^, we have 

dA , , ,9A 
- + (a + ^^.0 

on H . Equivalently, 

dA dA , ^ ^,dA dA , 

t— + {a + h){- i^)=0 at 0. 

0x1 0x3 0x2 0x4 

Since |^ = |A = at and 6 7^ it follows that |^ = |^ = at 0. This 

0x3 0x4 ' ax\ ax2 

contradicts the hypothesis that VA(0) 7^ 0. 

We conclude that Cl[P] = U'^_^L2, where L2 := L2 passes through 
the origin, and L2 = L2 + z/((i, 0) for some d > 0; i.e., is parallel to L2 
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translated by z/((i, 0) along the xs-axis. By a similar calculation as in fl5.26p 
one can check that the line L2 cannot be either the Xs-axis or the a;4-axis. 

We claim that the line L2 defines a simple closed curve I2 := L2/[(l, 0), 1)] 
in T2. Indeed, if not, L2 defines a non-closed curve which must be dense in 
T2. Since A(0,0;L2) = A(0), we have A(0,0;T2) = A(0). As above, this 
contradicts VA(0) ^ 0. 

There thus exists a unique m! E Z, n' & with (m', n') = ±1 such 
that L2 passes through 

m'(l, 0) + 1) = (m' + n'^, n') =: (M', n') 

which is equal to (0, 0) as a point in T2. Following 2. in Remark 15.31 we give 
I2 a positive orientation determined from that of L2 directed from (0, 0) to 
(M', n'). Considering the standard fundamental domain (A") of T2 associated 
to L2 defined by 

{(0, 0), (M(, n[), (M', n'), {M[ + M', n\ + n')} 

with m\ni —min[ = 1, we see that the distance d between successive curves 
L2, e.g., between L2 and L2{1), must be of the form d = -g^ where k,l E Z 
with (fc, /) = ±1. For otherwise U'^_^L2 is dense in M.^^ x M^.^. Since 
(0, 0;V) C H and hence (0, 0; Cl[V]) = (0, 0; U^_^L^) C H, we again get a 
contradiction to V A(0) 7^ 0. We will determine k and / explicitly in Remark 

a 

Define Li := F-^{L2) C R^, x M^^. We show: 

1. Li X L2 C H and H + Li x L2 C H; 

2. Li defines a simple closed curve li in Ti; 

3. A(x) = A(0) on Li x L2. 

We first prove the following inclusion: 

(*) i7 + (0, 0; L2) C i^-. 

To prove this, fix (xi, X2; F{xi,X2)) G and F(m, n) + 0) +/(^, 1)] G "P. 
Then, as points in T, 

(xi, X2; X2) + F(m, n) + 0) + /(e, 1)]) 

= (xi + m, a;2 + n; + m, 0:2 + n)). 

By definition, this point is in H. We conclude that for all (xi, ^2; F(a;i, X2)) G 
we have (xi, X2; X2) +V) C H. Since L2 C C/[P], it follows that (*) 

holds. 
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We verify 1. and 3.: Fix p := (x?, x^; x'^, x'^) G Li x L2. Then there exists 
{x2,xl) e L2 with F{x'l,x^) = {xl,xl) so that 

n — 0. / ™' \ _ /'™0 0. p/'™0 ™Onn _|_ (n n. I _ ™0 ™' _ ™0\ 

Since (xg — Xg, x'^ — X4) & L2 — L2 = L2, we have p G -ff + (0, 0; L2). Then 
(*) imphes p & H, so that Li x L2 G H . Since if is an additive group, we 
conclude that H + Li x L2 G H and 1. is proved. Since A(x) = A(0) on H, 
1. imphes 3. 

We prove 2. by contradiction. If 2. is not true, then Li is dense in 
]Ra;j X Mj-j, or, equivalently, Li/[e'^,e2] is dense in Ti. It follows from 1. 
that Ti X L2 G H, and hence A(x) = A(0) on Ti x L2. In particular, this 
holds on (Ti;0,0). Using an argument similar to that used in the proof 
that CllV] ^ Ma;3 X M^^, this together with A(xi, X2; X2)) = A(0) for 
{xi,X2) G Ma;^ X Mj-j implies VA(0) = 0, a contradiction. 

Before proceeding, we make a remark about the orientation of the curves 
li and l2- Recall we fix the direction of the line L2 as that given by the 
directed line segment from (0, 0) to (M', n') in M^-g x M^^; this determines the 
positive orientation of I2 in T2. Similary, we fix the direction of Li as that 
given by the directed line segment from (0,0) to F~^{M' ,n') in M^.^ x M^-j, 
which induces the positive orientation of h in Ti. We say that F maps the 
positively oriented curve /i to the positively oriented curve l2- It follows from 
1. in Remark 15.31 and assertion 2. that there exist unique m^n G Z with 
the property that (771,71) = ±1 such that the closed curve /i has a positive 
orientation associated with that of the directed line segment from (0, 0) to 
(m, 7i). 

We replace V = {F{m,n) G R^s x : m,n G Z} in Ti by Q := 
{F'\M', n') G M^;, XM3.2 : m', n' G Z} in T2, where M' = 7n'+n'^. Similarly, 
we replace 

■p = {F(m, 7i) + (K, I) G R^^ X R^^ : m, n, /c, / G Z} 

by 

Q = {F-\M', 7i') + (k', I') G R^, X R^^ : m', n', k', I' G Z}. 

As we found L2 G Cl[P], there exists a line Li G Cl[Q] in R^^ x R^^ passing 
through the origin (0, 0). This line is neither the Xi-axis nor the X2-axis. We 
claim that 

Li = Li in R^^ X R^^. 

To verify this we set L2 = F{Li) and we assume, for the sake of obtaining 
a contradiction, that L2 7^ L2. From 3. applied to Li and L2, we have 
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A(a;) = A(0) on Li x L2. It follows that A(a;) = A(0) on the following four 
distinct lines passing through the origin in M^: 

(Li;0,0), (0,0; L2), (Zi;0,0), (0,0; Z2). 

We conclude that V A(0) = 0, a contradiction. 

We define the lines -^2(1^) := L2 + i^(^, 0), z/ = 0, ±1, ±2, . . ., and Lii^u) := 
F-i(L2(z/)). Then ^2(0) = L2; ^1(0) = Li, and the lines {i:i(z/)}^=o,±i,±2,... 
are parallel translates of Li in M^^^ x M^jj by integer multiples of the vector 
{d*, 0) for some d* > 0. We note that each line ^2(1^) defines the same closed 
curve I2 in T2, and each Liiy) defines a closed curve in Ti, but the 

curves /i(z^) for distinct v may be different. We note also that 

Li(z/) X L2{h') C H. 

To verify this, fix a point (x?,^^) G Li{u) so that F{x\,X2) G L2{i'). 
Since -Li(z/) = (x'j',^^) + i^i and L2{i') = F{x1,X2) + L2, it follows that 
Li(i/) X L2(z/) = ((2;?,a;°) + Li, F(x?, x^) + L2) G + Li x L2. From 1., 
H + Li X L2 G H and the result follows. We thus have that 

A{z) = A(0) on li{u) X kiu), z/ = 0, ±1, . . . . 

Our next goal is to show: 

(*) there exist unique p,q E with [p, q) = 1 such that 

Li(g) = Li +p (i, 0), or, equivalent^, L2 + g (^, 0) = F{Li +p{^, 0)). 

We prove (*) by contradiction. If (*) is false, then writing d* = do ^, we see 
that do must be irrational. Hence the set of curves /i(i^), u = ±1, ±2, . . . 
is dense in Ti. By the previous paragraph, A = A(0) on Ti x I2, which 
contradicts VA(0) 7^ 0. Thus (*) is proved. 
For s G (—00, 00), we define 

£i(s) := Li + ps{l/n,0) in M^^ x M^^; 
£2(5) := L2 + qs{l/n', 0) in x M,, 

so that C2{s) = F(£i(s)). Each line Ci{s) defines a simple closed curve li{s) 
in Ti, and each line ^2(3) defines a simple closed curve /2(s) in T2. Apriori, 
we define 

However, Ci{s + k) = Ci{s), i = 1, 2 as a set in Tj, for all k E Z, so that 

S= Uo<.<i^i(^)x^2(3)cT. 
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By the definition oip,q e Z'^ we have {Ci{s) x £2(3)) fl {Ci{s') x £2(5')) = ^ 
for s s', < s, s' < 1, so that 

Ms) X kis)) n (/i(s') X kis')) =0, s 7^ s', < s < s' < 1. (5.27) 

Then, since + = /2(s + l) = /2(s), and each /2('5) is a simple 

closed curve, it follows that E is a three-dimensional, compact manifold in 
T. 

We show that 

J: = H = H + LixL2 in Ti X T2. (5.28) 

We proved in 1. that H + Li x L2 C H. We next show Ti C H + Li x L2. 
Since 

£2(5) = F{C^{s)) = F{L, + psil/n, 0)) = L2 + F(ps(l/n, 0)), 

it follows that 

£i(s) X £2(3) = {{ps{l/n, 0) + Li; F{ps{l/n, 0) + L2) 

= {ps{l/n, 0); F{ps{l/n, 0))) + (Li, L2) E H + x L2. 

Finally we show H C T,; and hence C S = S. Fix ((xi, 0:2), F(a::i, X2)) G 
if. There is a unique k E Z and < s < 1 such that (xi, 0:2) G £i(/c-|-s), or, 
equivalently, Ci{k + s) = (xi, X2) + Li. Then we have F{xi, X2) G £2(^ + ■§), 
and hence £2(^ + s) = F(xi,X2) + L2. Since £i(A; + s) = C-i{s) in Ti and 
C2{k + s) = £2(5) in T2, it follows that 

((xi, X2), -F(xi, X2)) G ((xi, X2) + Li, F(xi, X2) + L2) = {Ci{s), £2(5)), 

which proves the inclusion H G T,. 

Equation f l5.28p will lead us to the concrete formulas for the quotient 
space T/H in 3. and the canonical projection yf : T 1— >■ T/ff. 

For —00 < t < 00, define 

S(t) := (pt(l/n,0);0,0) + S inT, 

which is a coset of S and hence is a real three-dimensional compact manifold 
in T. To be precise, 

^(^) = Uo<s<l (P^IV'^. 0) + £l(s), £2(s))/[ei, 62, 63, 64] 
= Uo<s<l i^lit + S), C2{s))/[eu 62, 63, 64] 
= Uo<s<l ^1(^ + 5) X ^2(5). 
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By (K^ . we have S(t) = S(t') for t - t' e Z and n S(t') = for 
t-t' ^ Z. We shall show 

(**) T = Uo<*<i 

Note since h{s) = + 1) in Ti, this is equivalent to (15.221) . Fix po = 
{xi,X2; X3, X4)/[ei, 62, 63, 64] G T. Clearly we can choose real numbers Si, S2 so 
that Sip (1/n, 0) is the Xi— intercept of the line (xi, X2)+Li and S2q {1/n', 0) is 
the xs— intercept of the line (x3,a;4) + L2. Since Ci{si) = £1(52) 0) 
where t' = si — S2, it follows that 

(xi,X2;x3,X4) G (£1(51), £2(52)) = (i2i(s2), A(S2)) + (t' p{l / u, 0); , 0) , 

showing that po E + (/2(t');0,0) = We now simply choose uq E Z 

and t e [0, 1) so that f = uq + t; then E(t) = S(t'), and hence ^ 
proving (**) and thus 2.(ii). Since no, t are uniquely determined by the point 

Po = {xi,X2,X3,X4^)/[ei,e2,e3,e^] in T, it follows that 

T/H ^R/[l] = as real manifolds; 

vf : T ^ T/H where tt{po) = pt{l/n, 0) + S, or equivalently, 7f(po) = t- 

Applying Remark 15.21 to our domain D C T, there exist < ti < t2 < 1 
such that D = Ut^<f<j2S(t). Thus we have proved 3. The proofs of 1. and 
2.(i) are elementary calculations. Note that F{Li) = L2; Li is the line in 
Mxi X of slope n/m 7^ 0, 00 passing through the origin; and L2 is the line 
in ]Ra;3 X M^.^ of slope n'/M' 7^ 0, 00 passing through the origin. It follows 
from (KT^ that 

C — A{n/m) n' 

A + B{n/m) ~ W'' 
Furthermore, since F{Ci) = £2(1), the point F{p/n, 0) lies on the line ^2(1) ■ 
X4 = ^(3^3 - Hence 

Cp n' ^ Ap q ^ 
n M' n n' 

From these two equations and the Jacobian condition A^ + BC + 1 = 0, a 
simple calculation yields 

^ ^ P1P2 + gig2 ^ ^ pj + ql ^ _ pl + ql 



P2qi - Piq2 P2qi - Piq2 P2qi - Piq2 

where pi,p2,qi, q2 are defined by (15.181) . Then we have 

, T P2qi-Piq2 PiP2 + qiq2 

= -IB = 5 ^ — , a = bA = ^ 5 — , (5.29) 

pj + qj pl + ql 
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which proves fl5.17p and hence By direct calculation 

F{m, n) = {Am + Bn, Cm - An) = -(M', n'), 

so that {q{m,n),p{M' ,n') ) lies on the integral curve S in (15.141) . We also 
have 

F(l/n,0) = (A/n,C/n) = -(lM',0) + -^(M',n'). 

p nn' 

Since {{p/n, 0), F{p/n, 0)) G S, we have {p{l/n, 0), q{l/n', 0) + r]{M', n') ) G 
S, where n = ^ = Pa +92 — _ This proves l.(ii). 

' ' nn' nn' P2gi—pi<]2 ^ ' 

Since F{p/n,0) = {Ap/n,Cp/n), using F(0,0) = (0,0) it follows from 
the linearity of F that (xi, 0; Axi, Cxi) G H. This together with 

(Li,0,0),(0,0,L2)ci? 

implies that the real Lie subalgebra f)o of f) corresponding to the real three- 
dimensional Lie subgroup i7 of T is generated by {Xi, X2, X^} in g where 

Xi = m- hn— , X2 = M'- hn'— , X3 = hA- hC: 



aXi (7X2 C'2;3 0x4 0x1 OXs 0x4 

Substituting A and C in the above formulas, we have by simple calculation 
that {qXi,pX2, {pf +P2)-^3} is equal to (15.191) . Thus 2. is proved. 

It remains to prove 4. Given integers m,n,m',n',p,q as in 4, we define 
a,b by (I5.17p . Using the same method as in the above proof, we construct 
D of the form (I5.23p . Since each S(t) is a smooth, closed, Levi flat surface 
in T and S(t) (£ D for ti < t < t2, it follows that D C T is a pseudoconvex 
domain with smooth boundary which is not Stein. Moreover, there are no 
nonconstant holomorphic functions on D. To verify this, we may asume 
E D. Suppose / is a holomorphic function on D. Since H is an analytic 
curve which is relatively compact in D, / = c on H. Hence / = c on 
H = E(0) = E. Since S is a real three-dimensional manifold, f = c on D. 

Remark 5.4. The explicit formulas (I5.29P for a and b in terms of m, n, m' G 
Z, n',p,q G and hence the explicit formulas involving the mapping 
F : (xi, X2) ^ (x3, X4) imply the following results. 

1. Recall that V := {F{i,j) + {K, I) G R^, x M^^ : i,j, kj e Z} where 
K = k + l^. We showed that Cl[P] consists of the family of parallel lines 
L^, u = 0,±1,±2,..., where = L2 + z/(c/, 0) and L2 = {t(M',n') G 
X : t G M}. We shall show that d = ^. Fix F{iJ) + {K,l) G V. 



From our previous calculations, we have 



F(m,n) = -(M',n') and F(l/n,0) = -(1/n' ,0) + rjiM' ,n') (5.30) 
q p 
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where rj is irrational. Since 

?■ / 
= '-{m,n) + {m~jm){l/n,0), {K,l) = -(M', n') + {n'k — m'l){l/n', 0), 

Til Th 

it follows that 

F(i,j) + (KJ) = —(M',n') + (m - jm)(-(l/n' ,0) + r](M' ,n')) 
nq p 

+ ^{M',n) + {n'k-ml){l/n',0) 

= t{M',n') + iy{^,0), 
pn' 

where = ^ + ^ + ('^^ ~ jm)ri G M and u = {ni — jm)g + {n'k — m'l)p G 
This shows that V C Li + U^_^z/(^, 0), so that d/-^ is a positive integer. 
On the other hand, in the above proof, from (p, g) = l,(m, -n.) = ±1 and 
(m', n') = ±1 we can choose k,l E Z such that z/ = 1. Hence ^/ci is an 
integer, so that c? = 
2. Let 

Ai : (0, 0), (mi, ni), (m, n), (mi + m, ni + 

and 

As : (0,0), (M{,n'i), (M',n'), (M( + M',n'i + n') 

be fundamental domains associated to Li and L2 in M^,^ x Ma-^ and ^^,.3 x M^.^. 
Since {m,n) = (^,0) + ^{m,n), we obtain from fl5.30p 

F{q{m,n)) =p{M',n'), 

F(p(mi, m)) = gF(-, 0) + ^F{m, n) = q{^, 0) + r]"{M', n'), 
n n n 

2 

where 77" = + pn, so that 77" is irrational. 
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where (a, b) = {qm + prrii, qn + pni) 



Recall from Remark 15.41 that and ^2 simple closed curves in Ti 
and T2. The set Tf'^ is the pg-sheeted torus over Ti winding p times along 
II and q times along /i, while T|'^ is the pg-sheeted torus over T2 winding g 
times along I2 and p times along I2 (see the figure for the case p = 2, g = 3). 
This gives a visual interpretation of the Lie subgroup i7 of T and its closure 
H. 

The topic of Levi fiat surfaces in two dimensional complex tori has re- 
cently been studied by T. Ohsawa [IE]. See also O. Suzuki [T8] . 

6 Complex homogeneous spaces. 

In this section, we let M be an n-dimensional complex space with the prop- 
erty that there exists a connected complex Lie group G cAut M of complex 
dimension m > n which acts transitively on M. As prototypical examples, 
we can take M = P" (complex projective space) and G = GL{n + 1,C), 
or more generally, we can take M = G{k,n) (complex Grassmannian man- 
ifold) or M = JF„ (complex fiag space), and G = GL{n,C). As noted in 
the previous section, another example is provided by M = C in which case 
G =AutM is a noncommutative complex Lie group of complex dimension 
2. 

We summarize some well-known results concerning homogeneous spaces 
which will be used in this section. We write e for the identity element of G. 
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1. For a fixed z G M, let 



H,:={geG: g{z) = z} 

be the isotropy subgroup of G for z. Then Hz is a complex (m — n)- 
dimensional analytic set in G without singular points. In particular, 
is closed and hence is a Lie subgroup of G, but is not always connected. 
We let G/Hz denote the set of all left cosets gH^. This quotient space G/Hz 
has the structure of a complex n-dimensional manifold; moreover, if we let 
TCz '■ G ^ G/Hzhe the coset mapping Hzig) = gHz and we lei ip z '■ G ^ M be 
the mapping ipz{9) = 9{z)i then there exists an isomorphism : G/ Hz — > M 
such that ovr^ = ifjz on G. This is equivalent to az{gHz) = g{z) for g E G. 
These three mappings are holomorphic; hence ipz gives a holomorphic fiber- 
ing of G over M with fibers V^^^(C) ~ Hz as complex manifolds; and, given 
g E G, ipz^^gi^z)) = gHz as sets in G. 

2. Fix z G M as in 1. Let g^ E G and set Zq = fi'o(^) ^ Then 
there exists a local holomorphic section a of G with respect to ipz over a 
neighborhood \^ C M of passing through g^; i.e., 

cr(zo) = S'o and ^/'^ o cr = identity on \^ 

so that (t{C){z) = C for C e ^- If we set r : G ip'^iV) a{g{z)y^g G Hz, 
then r((7) depends holomorphically on g and, for a fixed z' G the restriction 
of r to 7/;""'^ (2;') is a bijection from onto Hz- It follows that 

Tz-.ge iP:\V) ^ r((7)) eVxHz (6.1) 

provides a local trivialization of G over M with Tz : cr(C) — > (C)C), C ^ ^• 
Similarly we have the following result. Fix z,w & M and g & G with 
(y'(^) = w. There exists a neighborhood of 2; in M and for each ( & V, 
there exists an element g^ & G such that gz = g; gc{z) = w ioi C, eV] and 
gc^ depends holomorphically on &V . 

3. Fix G M. Let /^(-Zi) = Zq where /i G G, so that h'^Hz^h = Hz^. 
We then have two fiberings of G over M with respect to ipzo and ^Z'^-^. We 
consider the right translation Rh : G G where Rh{g) = gh, g E G. 
Then Rh induces a holomorphic isomorphism TZh : G/Hz^ — > G/Hz^ via 
TZh{gHz^) = ghHz^i g E G. In other words, for z G M, take any g,k E G 
with 2; = 5((zo) = K^i)- Then UhigHzo) = kHz^. 

Let £) d M be a domain with boundary in M. For z G M, we let 

■.= {geG: g{z) e D} = ^iP;\D) = n;' o a:\D) 
be a possibly unbounded and possibly disconnected domain in G. Thus 
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D{z) is a set of cosets modulo Hz in G, i.e., D{z) may be considered as a 
subset of G/Hz in such a way that maps D{z)/Hz biholomorphically to 
D. We remark that the connectedness or disconnectedness of D{z) in G is 
independent of the point z G M. Indeed, given z' G M, take h E G such 
that = z'. Since the equahty D{h{z)) = D{z)h~^ holds (this will be 
proved as II. in Proposition 16. 2p . we have D{z') = D{z)h~^, so that D{z) 
and D{z') are simultaneously connected or disconnected in G. Note that by 
homogeneity we have, for any z E M, 

D = {g{z) eM:ge D{z)}. (6.2) 

We also mention that in the case when the isotropy subgroup of G is 
connected, D{z) is connected in G. For, we may assume 2; G -D, so that 
e G D{z) and C D{z). Let g G D{z), i.e., (7(2) G -D. We take a continuous 
curve 7 : t G [0, 1] — > 7(t) in D such that 7(0) = g{z) and 7(1) = z. We 
use property 2. to piece together a continuous section a : t E [0,1] ^ a(t) 
of G over 7 via ^/'z, i.e., (T(i:)(2;) = •yit) for t G [0, 1], with cr(0) = g. Since 
'J G D and cr(0) G D{z), we have cr C D{z). Also, since cr(l)(2) = 2;, 
we have (t(1) G -ff^. From the assumption that Hz is connected, we can 
find a continuous curve 77 : t G [0, 1] — ?7(t) in if^ such that 77(0) = a{l) and 
77(1) = e. Putting together the curves a and 77; i.e., defining the concatenation 

T{t) := a{2t) for t G [0, 1/2]; and V{t) = r/(2t - 1) for t G [1/2, 1], 

gives a continuous curve F : t G [0, 1] ^ F(t) in G starting at g and termi- 
nating at e which lies entirely in D{z). Hence D{z) is a connected subset of 
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G. 

We next consider the case when is not connected in G. We write 

(k) 

= U^^^Hr as the union of its connected components in G. We let 
H'^ = H^^ denote the connected component of if^ which contains the identity 
e. Note that {i/f ^}fc are isolated sets in G (see 1. in Proposition 16.41) . If we 
take hk G k = 1,2,..., then 

Hi''^ = hkH'^ = H%, fc = l,2,... (6.3) 

To see this, since hi^H'^ is connected in G and contains h^, it follows from 
the inclusion hkH'^ C Hz that hkH'^ C H^'^K Conversely, since IS 
connected in G, it follows from e G h^^Hi''^ C that h'^^H^'^ C H'^. Thus 
the first equality holds. The second one can be verified in a similar fashion; 
it also follows from the first by the normality of H'^ in H^. 

In the case when Hz is not connected the connectivity of D{z) depends 
on the domain D in M. In fact, if D is very small and z & D, then each 
connected component of D{z) contains only one component of Hz- For a 
general domain D M and z & D, we decompose D{z) into a finite or a 
countably infinite collection of connected components: 

D{z)= U::i^«W- (6.4) 

We write D'{z) := D^^^'^z) for the connected component which contains the 
identity e, so that H'^ C D'{z). We set n'{z) := Hz n D'{z). Then n'{z) 
consists of a finite or a countably infinite collection of components 

say 

n'{z) = = Ur=i^;-^- (6-5) 

where h[ = e and h'j E H^^-'\j = 2,3,... (using (16.31) ). We have that 
g e D'{z) implies that gH'iz) C £''(2). To see this, let h E n'{z). We 
connect e and g hy a. continuous curve 7 : t G [0, 1] — *• 7(t) in D'{z). Then 
the continuous curve 7 : t G [0, 1] — > 'y{t)h in G connects and (7/1. Since 
^2(7) = ^2(7) C and 7(0) = hE n'{z) C D'{z), we have 7 C D'{z), and 
hence (7/1 = 7(1) G D'{z). 

Next we show that for each i >2we have D*^*^ (z) ni^z 7^ 0. We begin with 
go G D^^\z) and set := go{z) E D. Take a continuous curve 7 : t G [0, 1] — > 
7(i) in D such that 7(0) = zq and 7(1) = 2. Using property 2., we can 
construct a continuous section a : t G [0, 1] — > a{t) of G over 7 with respect 
to il)z such that (j(0) = (^o- Hence cr c -D(-2). Then (t(0) = g^ E D^''\z) 
implies that a C D^'^\z). On the other hand, since a{l){z) = 7(1) = z, we 
have (t(1) G if^, so that a(l) E HzD D^'\z). 
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Thus for z = 2, ... we define the non- empty sets H^'^z) := D^'^z) n H, 
and we can write 



(6.6) 



where Ti.^^^ = Ti-'^z) and the union is disjoint. If we fix h*^*^ G Ti-^^^z), i = 
2, 3, . . ., then we have 



To verify these equahties, first observe that since D'{z)h^'^^ is a connected 
subset of D{z) which contains h*^*\ we have D'{z)h^'^'> C D^^\z). A simi- 
lar argument implies that D^^\z){h^'''>)~^ C D'(z), so that the first formula 
holds. An interpretation of this formula is that each D^''''{z), i = 2, 3, ... is 
isomorphic to D'{z) via right translation 71^. : g E D'(z) gh^'-^ E D^^\z). 
The second formula clearly follows from the first and the definitions of 7i*^*^ (z) 
and 7i\z). 

Proposition 6.1. Let z E D. Then 

1. D = {g{z) EM:gE D'{z)}; 

2. D\z)h C D\z) for h E n\z); 

3. let g E D'{z) and h E H,. If gh E D'{z), then h E 7i\z). 
Proof. To prove 1., we have from (16. 2p that 



For the reverse inclusion, fix i G -D and consider a continuous curve 7 : t G 
[0,1] 7(t) in D such that 7(0) = z and 7(1) = z. By property 2., we 
can find a continuous section a : t G [0, 1] ^ a{t) of G over 7 via ipz such 
that cr(0) = e. Consequently, since cr(0) = e G D'{z), we have a C D'{z). In 
particular, cr(l) G D'{z) and a{l){z) = 7(1) = z, so that taking g := cr(l) 
verifies the reverse inclusion. To prove 2., let g E D'{z) and h E T-C'{z). We 
take a continuous curve rj : t E [0,1] ^ rjit) in D'{z) such that //(O) = e 
and r]{l) = g. Then the continuous curve ^ : t G [0, 1] — » ^(t) := ri{t)h 
in G satisfies ^{t){z) = ri{t)h{z) = r]{t){z) E D, t E [0,1]. It follows from 
^(0) = h E D'{z) that ^(t) E D'{z),t E [0, 1], and hence gh = ^(1) G D'{z), 
which proves 2. To prove (3), we set g' = gh E D'{z). Since g E D'{z) we 
can find a continuous curve t : t E [0, 1] ^ g{t) in D'{z) such that g{0) = e 
and 5^(1) = g. Consider the continuous curve r' : t E [0, 1] r'it) := g{t)h 
in G. We have r'(t)(z) = g{t)h{z) = g{t){z) E D. Since r'(l) = ^/i G L'X^), 



D« (z) = D'(2)h« , H« {z) = H'(z)h« . 



(6.7) 



{giz) EM:gE D'{z)} C 
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it follows that r' C D'{z). In particular, h = eh = r'(0) G D'{z), which 



We remark that we can rephrase 1. of Proposition 16.11 as [D'{zo)]{zo) = D. 
In a similar fashion, it can be shown that 



where dD'{zQ) is the boundary of D'{zq) in G and dD is the boundary of D 
in M. 

Corollary 6.1. Let z E D. Then 'H'{z) is a closed Lie subgroup of Hz- 

Proof. We first prove that 'H\z) is a subgroup of H. Since e G H^z), it 
suffices to prove that g := /ii/i^^ G 'H'{z) for hi, /12 G 'H\z). Since (7(2;) = 2, 
we have g G -f^z. Then using hi = gh2 and hi G D'{z), it follows from 3. 
in Proposition 16. II that g G T-C'{z). We next verify that 7i'(^) is closed in G; 
since a closed subgroup of a Lie group is a Lie subgroup, this will complete 
the proof. Let hn G Ti-'i^z), n = 1, 2, . . . and fix g E G with h^ ^ g {n 00). 
Since if^ is closed, we have g G iJ^. Since e G -D'(2;), -D'(2;) is open in G, 
and gh~^ — > e, it follows that gh""^ G -D'(-^) sufficiently large n. Thus 
(7 G D'{z)hn- Using 2. in Proposition 16.11 we conclude that g G D'{z), and 
hence g G H'{z). □ 

Proposition 6.2. M^e /iawe 

/. e G L'(^) idD{z), D{zf ) if and only if z e D {dD, D"). 

n. D{h{z)) = D{z)h-^ for z E M and h e G. 

in. D'{h{z)) = D'{z)h'^ for zeD and h G D'{z). 

Proof. By definition, we have e G D{z) if and only if 2 G -D. Let e G dD{z). 
Then there exists a sequence {gn}n C D{z) such that gn e. Hence, 
gn{z) — > 2 in M. Since (^nl^) G D and z ^ D, we have z G Conversely, 
let 2; G dD. Then e ^ D{z). We fix a holomorphic section cr of G via tpz 
over a neighborhood V C M of 2; with (7(2;) = e; thus (7(C) (z) = ( for all 
C G V^. We take {Cn}n C V H D such that C„ — *• 2; as n 00. It follows that 
cr(Cn) £ -^(2) and cr(Cn) — > e as n — >■ cx), so that e G dD{z). We thus have 
e G dD{z) -v^ 2 G which proves I. 

Property II. is based on (16. 2p . Indeed, g G D{h{z)) if and only if (7/1(2) G 
D if and only if gh G .0(2) if and only ii g E D{z)h~^ . 

To prove III., we fix ^ G -D and h G D'{z). Then II. implies D{h{z)) = 
D{z)h-^. From (El) we thus obtain D{h{z)) = U°Zi[D^'\z)h-^] where this 



proves (3). 



□ 



[dD'izo)]izo)=dD 



(6.8) 
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is a disjoint union. Hence D'{h{z)) coincides with some D^'\z)h-^ which 
contains the identity element e. On the other hand, since h G D'{z), we have 
e e D'{z)h-^; hence i = 1 and D'{h{z)) = D'{z)h-\ □ 

Let dD denote the boundary of D in M and let dD{z) denote the relative 
boundary of D{z) in G. Note that dD{z) = ip~^{dD) is smooth in G, but it 
is not necessarily compact in G. A similar argument to that used in proving 
I. shows that for g & G and z G M, g G dD{z) if and only if g{z) G dD. 
Moreover, we note that, for z ^ D and h G D'{z), 

dD'{h{z)) = {dD'{z))h-^ and D'{h{z)f = [m^"]h-\ (6.9) 

It suffices to prove the first formula. Let g G dD'{h{z)). Then g ^ 
D'{h{z)) and there exists gn G D'{h{z)) such that lim„^oo5'n = g vuG. From 
III. there exists /c„ G D'{z) such that = knh~^ . Thus, k := lim^^oo = 
gh. Since k = gh ^ D'{h{z))h = D'{z) by III., it follows that k G ^^'(z), and 
hence g = kh'^ G {dD'{z))h-\ so that dD'{h{z)) C {dD'{z))h-\ To prove 
the reverse inclusion, let (7 G dD'{z). Then f?/?-"^ ^ D'{z)h^^ = D'{h{z)). 
We take {(7„} C D'{z), n = 1,2,... with gn ^ g in G as n ^ 00. Since 
G D'{z)h~^ = D'{h{z)), we have gh~^ G dD'{h{z)). 

From II. we see that for 2;, z' G M, -0(2;) and D{z') are biholomorphically 
equivalent. In G -D, from III. and 1. in Proposition 16. D'[z) and 

D'{z') are also biholomorphically equivalent. 

Lemma 6.1. Let ( G dD and let {zn}n C D converge to C, as n ^ 00. Then 
there exist gn G dD'{zn), n = 1,2, . . ., such that gn ^ e in G as n ^ 00 . 

Proof. We take a holomorphic section a : V ^ G oi the fiber space ip^ : G —>■ 
M over a neighborhood V (Z M oi( with a{() = e. For sufficiently large n we 
have Zn E V and hence cr(z„)(C) = ^^n- It follows that gn := a{zn)~^ is close 
to e in G; moreover, we have gn G dD{zn), for gn{zn) = cr{zn)~^o'{zn){C) = 
C G dD. Thus, ^„ G dD\zn). □ 

Proposition 6.3. Assume that D is pseudoconvex in M, and fix z E M. 

Then we have 

1. D{z) is pseudoconvex in G; and 

2. there exists a sequence of piecewise smooth pseudoconvex domains {Dn{z)} 
in G such that Dn{z) C Dn+i{z) d D{z) and D{z) = [j'^^i Dn{z). 

Proof. Recall that dD{z) = tpj^(dD) is smooth in G. Let go G dD{z) 
in G and set zo = go{z) in M. Then zq G dD. By (16. ip . we can find a 
neighborhood V of zq in M such that setting V = tp^^CV) C G, we have 
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V n dD{z) is biholomorphically equivalent to {V fl dD) x H^. Noting that 
Hz is an (m — ?7,)-dimensional complex manifold, the pseudo convexity of dD 
at Zf) yields the same property for dD{z) at qq, proving 1. 

To show 2., we need the following result of Kazama [7j: a complex Lie 
group G is weakly complete: G admits a C°° plurisubharmonic exhaustion 
function; i.e., there exists a G°° plurisubharmonic function (f in G with {g G 
G : ip{g) < a} G for each a G M. Given n ^ 1, we set 

Dr,{z) := D{z) n {(7 G G : ^{g) < n}. 

By 1., we see that Dn{z) is a pseudoconvex domain with piecewise smooth 
boundary in G; clearly Dn{z) C Dn+i{z) d D{z) and -D(-2) = \J'^^iDn{z). □ 

Now we discuss two types of variations of domains in G. First, we have 
a variation of domains D{z) in G with parameter z G M: 

: 2 G M ^ Z}(^) C G. 

As usual we identify the variation Dm with the (m + ?7,)-dimensional domain 
T>M = ^z£m{.z, D{z)) C M X G. Given a domain V C M, we consider the 
variation Vy : z E V ^ D{z), and identify Vy with U2gy(2;, -0(2;)) gVxG. 

Next we define P : = Uz^oiz, D{z)), a variation of domains D{z) C G 
with parameter z E D: 

V:zeD^ D{z) C G. 

Furthermore we define V := Uz^oiz, D'{z)), where recall that D'{z) is the 
connected component of D{z) containing the identity e. This is a variation 
of domains D'{z) C G with parameter z E D: 

V : zeD^ D'{z) C G. 

Lemma 6.2. T) and T>' are locally holomorphically trivial variations. 

Proof. Since the proofs are similar, we only give the proof of the lemma for 
V. Let Zq G D. By taking z = zq in property 2., we can find a neighborhood 

V C D oi zq and a holomorphic section a over V via ipzo such that a{(){zo) = 
( for C E V with cr(zo) = e. Since a{Q{zo) = ( E V C D, we have 
(t(C) G L'(zo). It follows from a{zo) = e G /^'(zq) that a{C) G /^'(zo)- By III 
in Proposition [62] we have D'{zo) = L>'(a(C)"HC)) = ^'(C)f^(C)- Hence, 

T : (C,^?) G := U^gy (C, I)'(C)) ^ (C,^7^(C)) G ^ x D'{zo) 
provides a trivialization. □ 
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Fix a Kahler metric ds^ on G (such a metric exists by [5]) and let c be 
a strictly positive C°° function on G. As shown in the previous section, 
for a fixed z ^ D, since e G D{z), we can form the c-Robin constant A(2;) 
for {D{z),e). We recall that the c-Robin constant is defined by the usual 
exhaustion method in the case of an unbounded connected domain D{z) (see, 
for example. Chapter IV in [2]). Furthermore, if D{z) is not connected, we 
consider the c-Robin constant X{z) for {D'{z), e) and we call this the c-Robin 
constant for {D{z),e). Using standard methods from potential theory, from 
Lemma 16.21 we see that X{z) is smooth in D. Furthermore, since dD is 
smooth in G, Lemma [6.11 implies that X{z) —>■ — oo as z —>■ dD; i.e., —X{z) 
is a smooth exhaustion function for D. We call \{z) the c-Robin function 
for D. Under these circumstances we have the following result. 

Theorem 6.1. If D M is a smoothly bounded pseudoconvex domain, then 
the c-Robin function — A(^) for D is a plurisubharmonic exhaustion function 
for D. 

Proof. It remains to prove the plurisubharmonicity of —\{z) on D. Using 
Dn{z) d G from 2. of Proposition 16.31 we set Vn = Uz!zd{z, Dn{z)) and 
V'^ = Uz^Ei{z, D'^{z)) where D'^{z) is the connected component of Dn{z) 
containing e. By Lemma 16.21 as well as Vn is pseudoconvex in D x G. 
Let V D he a. domain. We take n sufficiently large so that e G Dn{z) 
for z & V. Then for z & V we may consider the c-Robin constant Xn{z) for 
{Dn{z),e), i.e., for {D'^{z),e). It follows from Theorem 13.21 that —\n{z) is 
a plurisubharmonic function on V. (We remark that we assumed &D was 
smooth in this theorem; however, it is standard to see that the result remains 
true in the case dT> is only assumed to be piecewise smooth.) Since —Xn{z) 
decreases to —X{z) in V, —X{z) is plurisubharmonic on V, and hence on D. 
□ 

We next discuss conditions under which —\{z) is strictly plurisubhar- 
monic on D. Suppose not; i.e., suppose there exists a point 2:0 G -D at which 
the complex Hessian [|^^^(^o)] has a zero eigenvalue so that ^" gfg^"'""^^'' ] li=o 
= for some direction a G C" (a 7^ 0). A standard result in the theory of 
homogeneous spaces is that M ^ G/Hzq via the map 'ipzoio) = 5'(^o); using 
this it follows that there exists a left-invariant holomorphic vector field X on 
G such that the tangent vector of (exptX)(2;o) at t = in M is equal to a; 
and thus [ 9^(-A(exp_tx(.o)) ]|^^^^o^ 

Note that exptX G D'{zo) for \t\ < p if p is sufficiently small. It follows 
from III. in Proposition 16.21 that 

D'{exptX{zo)) = D'{zo) ■ {exptX)-\ 
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We thus apply Lemma EH] to G,D'{zq), and e corresponding to M,D, and 
( in the lemma - note that the domain D in the lemma is bounded, but 
the argument is valid for unbounded D - to obtain the following facts: if we 
assume g G D'{zq), then 

a. the integral curve {gexptX : t G C} for X is contained in D'{zq) and; 

b. D'{zo) ■ g-^ = D'{zo) ■ (gexptX)-^ for all t G C; i.e., D'{g{zo)) = 
DigexptX{zo)) for all t G C. 

Moreover, from the above formula and the definition of X{z), 

c. X{g{zo)) = X{g exp tX (zq)) for all t EC 

The set {gexptX{zQ) : t G C} is a one-dimensional holomorphic curve in D 
since a 7^ 0. Since —A is an exhaustion function for D, we have 

d. {gexptX{zQ) : t G C} is relatively compact in D. 

Using the same argument that we used for the last assertion in Corollary 15. II 

C 

for A = dD'(zQ) or A = D'{zq) , we have 



for g E A. 

We conclude that if —A is not strictly plurisubharmonic at zq, then for any 
g G D'{zo) we obtain a one-dimensional holomorphic curve g{C) d D (where 
C := {exptX{zo) : t G C}) on which A is constant, with value X{g{zQ)). Now 
take any point z' G D. Using 1. in Proposition 16.11 there exists g' G D'{zq) 
such that g'{zQ) = z'. Then, as mentioned above, the one-dimensional curve 
C := g'{C) passes through z' and is relatively compact in D. Thus if —A 
is not strictly plurisubharmonic at some point zq G D, then for each point 
z' E D, there exists a one-dimensional holomorphic curve C <^ D passing 
through z'. (We mention that as a curve in D, C is conformally equivalent to 
C, C* := C\{0}, or a torus.) Hence any exhaustion function s{z) which is 
plurisubharmonic on D, in particular, the function —X{z), must be constant 
on C", and hence the complex Hessian [^~^(^')] has a zero eigenvalue. 

In this vein, we mention a result of Michel [12] for compact M: if D ad- 
mits a strictly pseudoconvex boundary point, then D is Stein. This follows 
in the case of a domain D with C°° boundary from our results. For if p G dD 
is a strictly pseudoconvex boundary point and if —A is not strictly plurisub- 
harmonic on D, then (zq)] has a zero eigenvalue at some Zq G D; 




A{gexp tX) 



-1 



for t G C, 
for t G C, 



(6.10) 
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i.e., [ — g°Qi°' ]\t=o = for some direction a G C" (a 7^ 0). This implies 
(a. above) that there exists a nonvanishing left-invariant holomorphic vector 
field X on G such that it g E dD'{zQ), then gexptX G dD'{zo) for all t G C. 
Take g' G OD'^zq) with g'^Zo) = p; such a g' exists by homogeneity. Since 
a 7^ 0, the projection of this integral curve {gexptX : t G C} under ip^o is a 
one-dimensional holomorphic curve through p lying in dD, contradicting the 
strict pseudoconvexity of dD at p. 

We also mention that Diederich-Ohsawa |1] show that if D is a pseudo- 
convex domain with C"^ boundary in a complex 2-dimensional manifold and 
D admits a strictly pseudoconvex boundary point, then D is Stein. 

What are some sufficient conditions on the pair (M, G) which insure that 
for any relatively compact, smoothly bounded pseudoconvex domain D in 
M, the c-Robin function X{z) for {D{z),e) has the property that —\{z) is 
strictly plurisubharmonic on D7 We discuss two such conditions. Recall 
that H'^^ denotes the connected component of the isotropy subroup H^q of 
G for zq which contains the identity e. First, we say that the pair (M, G) 
satisfies the three point property if for any triple of distinct points Zq, Z\ 
and Z2 in M, there exists an element g G H'^^ with g{^z\) = Z2- As an example, 
take M = C and G = AutM, or for, n > 1, M = and G the subgroup 
of AutM generated by GL{n, C) and translations. Another example is M = 
P" and G = GL{n + 1,C). However the complex Grassmannian manifold 
M = G{k,n) with G = GL{n, C) does not satisfy the three point condition 
i{2<k<n — 2 (see 2. in Appendix A). Next, we say that the pair 
(M, G) satisfies the spanning property if for any zq E M and for any 
one-dimensional complex curve C in a neighborhood of zo in M passing 
through Zq, we can find hi, i = 1, . . . ,n, in H'.^^^ with the following property: 
let Gi := hiiC) be the image of G under hi, this is a curve in M passing 
through Zq] if a, denotes the complex tangent vector of Gi at Zq, then we 
require that the n vectors {ai, . . . , a„} span C". The Grassmannian manifolds 
M = G{k,n) with G = GL{n,C) satisfy the spanning condition for any 
k = 1, ...,n; this is 3. in Appendix A. 

The importance of these notions occurs in the following result. 

Theorem 6.2. Let {M,G) satisfy the three point property or the spanning 
property. Then for any pseudoconvex domain D (£ M with G°° boundary, if 
we let X{z) be the c-Robin function for D, then —X{z) is a strictly plurisub- 
harmonic exhaustion function for D ; i.e., D is Stein. 

Proof. By Theorem 16. —\{z) is a plurisubharmonic exhaustion function 
for D. We prove the strict plurisubharmonicity by contradiction. Suppose 
that —X{z) is not strictly plurisubharmonic at zq G D. Then the complex 
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Hessian [g~^(^o)] has a zero eigenvalue. From the above discussion, we 
conclude that there exists a left-invariant holomorphic vector field X on G 
such that setting C := {exptX(2;o) : t G C}, the tangent vector of C at t = 
is not zero, and for any g G D'{zq) we obtain a one-dimensional holomorphic 
curve g{C) := {(7exptX(zo) : t G C} (s -D on which A is constant with value 
X{g{zo)), and D\g e^^tX^z^)) = D'{g{zo)). 

We first treat the case when (M, G) satisfies the three point property. Fix 
Zi & C \ {zq}. Given z & D with z ^ zq, zi, from the three-point property 
we can find g G H'^^ such that g{zi) = z. Since g G H'^^ C D'{z^, it follows 
that A is constant on the curve g[C^ with value Xi^gi^z^^ = X{zq). From 
z = g{zi) G g{C), we have, in particular, X{z) = X{zo), i.e., A = const, on 
D, a contradiction. 

We next treat the case when (M, G) satisfies the spanning condition. 
Then we can find hi, i = 1, . . . ,n in H'^^ C D'{zo) such that {ai, . . . , a„,} 
span C", where is the complex tangent vector of the curve hiiC) := 
hieyi\)tX[zQ),t G C at zq. It follows from c. that 

A(/ij exp tX(zo)) = X{hi{zQ)) = X{zo), for all t EC 

In other words, A assumes the same value A (20) on each curve hi{C), i = 
1, . . . ,n with different tangent directions at Zq which span C". Therefore all 
eigenvalues of the complex Hessian [ gj^^^ (^0)] are 0. By the positive semi- 

definiteness of this matrix, we conclude that [§^^^(-20)] is the zero matrix. 

Now take z' E D with z' 7^ zq. By 1. in Proposition 16.11 we can find 
g' G D\zq) such that ^''(^o) = ■ Let C' = g'{C). Then X{z) is constant 
on C' by property c, so that has a zero eigenvalue. Then we can 

find h'^ G H'^^, i = 1, . . . ,n such that {bi, . . . , 6„,} span C^, where bi is the 
complex tangent vector of the curve h[{G') at z' . By the previous argument, 
all eigenvalues of the complex Hessian [^^^^{z')] are 0; hence this matrix is 
the zero matrix. Since this argument is valid for any G -D, we conclude 
that —A is pluriharmonic on D. Since —A is an exhaustion function on D, 
—A is constant on D by the minimum principle. This is a contradiction. □ 

As mentioned, the complex Grassmannian manifold G{k,n) satisfies the 
spanning condition. Therefore, the c- Robin function —X{z) for D is a strictly 
plurisubharmonic exhaustion function for any pseudoconvex domain D with 
G°° boundary in G{k, n). This result has been obtained by T. Ueda [19] (also 
see A. Hirschowitz [S]) by a different method in the more general situation 
when D is any finite or infinitely sheeted unramified pseudoconvex domain 
over G{k, n). However, as will be shown in 4. of Appendix A, the flag space 
M = Tn with G = GL{n, C) for n> 3 does not satisfy the spanning property. 
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To analyze the pseudoconvex domains in JF„ with smooth boundary which 
are not Stein, we shall estabhsh Theorem 16.31 which addresses this issue for 
general homogeneous spaces. 

We use the same notation M, G, e with dim G = m and dim M = n < m. 
Fix z & M and let be the isotropy subgroup of G for z. We let ifjz denote 
the projection from G onto M ^ G/H^. We write Hi, for the connected 
component of containing e. Then H'^ is a connected, closed, normal Lie 
subgroup of Hz with dimH'^ = ttiq := m — n. Let X denote the (complex) 
Lie algebra consisting of all left-invariant holomorphic vector fields X on G. 
Finally, i)z denotes the Lie subalgebra of X corresponding to the Lie subgroup 
H'^ of G with dim l)z = mo; thus 

H'z = { YTj^i exptjXj : z/ G Z+, tj e C, Xj G f^, }. 

Let D M he a. pseudoconvex domain with smooth boundary which is 
not Stein. We form the c-Robin function X{z) for D. Recall that we defined, 
for a given z & D, 

D{z) ■.= {geG\ g{z) e D} = ij;\D) c G, 

and considered the variation V of domains D{z) in G with parameter z E D: 

V: zeD-^ D{z) C G. 

The c-Robin function X{z) was defined as the c-Robin constant for {D{z), e); 
precisely, for the connected component D'{z) of D{z) containing e. Then 
—X{z) is a plurisubharmonic exhaustion function for D. Under the assump- 
tion that D is not Stein, there exists a point zq E D such that —X{z) is 
not strictly plurisubharmonic at Zq, i.e., there exists a G C" (a 7^ 0) such 
that 91^°*^ ] I *=o ~ ^- take an arbitrary vector field X G j£ such that 
^dexpfX(£o)j|^^^ _ f^i^QYi. we have: 

i. {exptX(2;o) : t G C} C -D and A(exp tX(2;o)) = A (20), ^ G C; indeed 
ii. {exptX(2o) : t G C} d Z^; moreover 

m. {exptX : t G C} C D'{zo) and D'{exptX{zo)) = D'{zo), t G C. 

From properties of the Robin function X{z), these four conditions are equiv- 
alent. We write o. ~ in. and we consider 

Xzo := {X E X : X satisfies one (all) conditions(s) o. ~ Hi. }. (6.11) 
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We note that 

().o$^.oS^- (6.12) 

For suppose X G fi^y. Then exptX G H'^^ for t G C. Hence exptX(2;o) = Zq, 
so that X G jCzq . Under the assumption that D is not Stein, we have aheady 
shown that dimjC^g > dimf)2o = ^o- Next, since —A is a plurisubharmonic 
exhaustion function for —A is not pluriharmonic. Following the argument 
at the end of the proof of Theorem 16.21 we see that dim j£ > dim . 

We want to prove that is a complex Lie subalgebra of X, and verify 
some properties of X^(,. To this end, we begin with a technical lemma. 

Lemma 6.3. Let v G and let gi,hi G H'^^; Xi G Xz^; G C, i = 
1,2, ... and g ^ D'{zo). Then 

(1) 9[U:=l9^iewUX,)hr'] eD\zo); 

(2) K9[U:=li9^iewUX,)hr']izo)) = A(^(^o)). 

Proof. By the definition of the c-Robin constant X{z) for {D{z), e), to verify 
(2) it suffices to prove 

(2') D'{g[UU9^{expt.X,)hr']{zo)) = D\g{z,)). 

We prove (1) and (2') by induction. We will utilize some of the properties 
a. — d. mentioned after the proof of Theorem 16. 1[ Let u = 1. By 2. in 
Proposition we have ggi G D'{zq). This together with property a. implies 
C := {ggiexptXi G G : t G C} C D'{zq). We see from property III. of 
Proposition O and h^^ G H'^^ that Ch^^ C D'{zo)h^^ = D'{hi{zo)) = 
D'{zq), so that (1) for J/ = 1 is proved. Furthermore, since ggi G D'{zq) and 
^r^(^o) = zq, it follows from property b. that 

D'{gg^{exp t,X,)h-\z,)) = D'{gg^{exp t,X,){zo)) = D'{gg^{zo)) = D\g{z,)), 

which proves (2') for u = 1. Next we assume that (1) and (2') are true for 
u < k and we shall prove them for u = k + 1. We define, for t G C, 

Ht) ■■= 9[U.i=i9i{ewtiXi)h-^] {gk+i{exptXk+i)h^l^) G G, 

and we consider the curve C := {k{t) G G : t G C} in C It suffices to prove 
that C C D'{zo) and D'{k{t){zo)) = D'{g{zo)), t G C. Note that 

k{t) = ko ■ {exptXk+i)h^l^, 

where 

^0 ■■= 9[U.iZl 9i{ewUXi)hr^] ( ^fc(exp tfcXfc)(^~^^/ifc)-i ). 
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Then the induction hypothesis for (1) in the case u = k imphes that G 
D'{zo) since g'f^^ihk G H'^^; thus property a. yields that koexptX^+i G 
D'(zo), t E C Since h^^i E H'^^, it follows from 2. in Proposition 16.11 that 
C C D'{zo), so that (1) for the case u = k + 1 is valid. Moreover, since 
riiLi 5'j(6xp E D'{zq) (by the induction hypothesis (1) in the case 

v = k) and (^fc+i exp tX^+i/i^^^ E D'{zq) (which follows by (1) in the case 
1/ = 1 for (yf = e), we again utilize property III of Proposition 16.21 (twice) to 
obtain 

D\k{t){zo)) = D'{[gUlM^^Pt^^)K']i9k+lexptXk+lh~l,){zo)) 
= D'{{gk+i exptXfc+i/i^^J(2o))[^nJ=i^i(exptXi)/iri]-i 
= D\z,)[g]\t,g,{exvtXi)hi'Y^ 
= D'{[gY[t,g,{exvtXi)hr^]{z,)) 
= D'{g{zo)). 

The last equality follows from (2') in the case u = k. This proves (2') for 
u = k + 1. □ 

Arguing as in (1) but using fl6.10l) and (16. 9p for A = OD'^zq), D'{zq) 
instead of a. and III. in Proposition (16.21) for D'{zq), we obtain 

^?[nr=i^?*(exptiX,)/i-i] G A gEA. (6.13) 

We can now prove the following fundamental result. 

Lemma 6.4. 

1. is a complex Lie subalgebra of X. 

2. Let X E and g E H'^^ . Then any Y E X which satisfies 

dex.ptY{zo). dgexptX{zo) 
[ ]|.^o = [ ]|.^o (6.14) 

belongs to X^q- 

3. For Zi E D we have dim X^^ = dim ■ 

Note that (16.141) says that the tangent vector of the curve Cy '■= {exp tY{zo) E 
M : t E C} at zq in M coincides with that of the curve g{Cx) at zq. 
Proof. To verify 1., let X,Y E Xq. Fix a,p E C. If we set ti = at, = 
(3t; Xi = X, X2 = Y; and gi = g2 = hi = h2 = e in Lemma 16.31 (2), we 
obtain 

A((expatX)(exp/5ty)(^o)) = A(zo), for t E C. 
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Then as we deduced formula fl5.7p from fl5.6l) . we obtain 

^ dim J'*=° - ^^^J'*=° - °- 

Hence aX + PY G X^^. Next, if we set = = —^/i, ^2 = ^1 = Vt', ^4 = 
X2 = Y, X3 = Xi = X] Qi = hi = e {i = 1, ... ,4) in Lemma 16.31 (2), we 
obtain 

A([(exp(-v^)F)(exp(-v^)X)(exp v^F)(exp ViX){zo)]) = A(zo), for t G C. 
Then as we deduced fl5.9p from f lS.Sp . we obtain 

, d'\{{expt[X,Y]){zo)) ^^ _ 

^ mm J'*=° " ^~^wr^^'=' - 

This shows that [X, F] G X^^, and 1. is proved. 

To prove 2., we let X G 3Cza,g G i/^o ^^^d assume F G X satisfies f l6.14p . 
By (2) of Lemma [6.31 for g G H'^^ we have 

A(5exptX(^o)) = Kgizo)) = A(zo), for G C, 

so that ^^^^Qfgj^''^°^^ ]\t=o = 0. It follows from condition fl6.14p and Propo- 
sition 15.11 that 

a^A(exptr(^ _ 

and hence Y G X^^. 

Assertion 3. is intuitively clear from the property that, for g G D'{zq), 

Kgizo)) = \igexptX{zo)) 

for all t G C (this is c. listed after the proof of Theorem 16. ip . The rigorous 
proof is fairly technical. We begin by setting dimX^^ = mo + mi and m2 = 
m — (mo + mi) where m = dim G and mo = dimf)^^. Note that mo is 
independent of the point Zq but, apriori, mi may depend on zq. We consider 
the following direct sum decompositions: 

X^Q = l)zQ "i" ) X = [)zQ "I" i-ZQ 4" • (6.15) 

Here tzo and are defined by these relations. Let 

{Xi, . . . , Xmi}, {Yi, ■ ■ ■ , Ymi} and {Zi, . . . , ^mo} 
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be bases of l^^, tzo ^^'^ ^zo- We fix canonical local coordinates on C C"^ 
for a neighborhood V C G of e such that g eV corresponds to r/; () G V; 
precisely, 

9 = IlT=i exp diXi njl\ exp bjYj nr=i exp CfcZfc G V 

^ — ^ (^;'7;C) = (ai,...,a^2;6i,...,6mi;ci,...,c„o) G V", 

where |aj|, |cfc| < p (for p > sufficiently small), e corresponds to = 
(0;0;0), and 

i^M " (e; ^) = . . . , a^,; 6i, . . . , 6„J G V' C C™^+™^ 

are local coordinates of the neighborhood V' = '?/'zq(V) C M of where Zq 
corresponds to = (0; 0). 

Fix zi G D. Using 1. in Proposition 16.11 we can find gi G D'{zo) with 
fl'i(^o) = zi. As in (16.151) we consider the direct sums 

We set dim X^^ = nio + m'^^ where mo = dimf)^-^. To verify 3. it suffices to 
show that mi = m[. Similar to before, we consider bases 

{X[, . . . , X;, }, {y/, . . . , } and {Z[, ...,Z'^J 

of l^-^, and f)2i- Here, m2 = m — (mo + m'^). We fix canonical local 
coordinates on Vi C C™ for a neighborhood Vi C G of e with 

9 = nrii exp a,Xl Uj^, exp 6,1^' UT=i exp e Vi 

^ ^ {C^v'iO = {ai,...,am'2]bi,...,bm[;ci,...,Cmo) G VI, 

where |aj|, |cfc| < p for p > sufficiently small; e corresponds to = 
(0;0;0); and 

i^zM — (e'; ^') = (ai, . . . , ; 6i, . . . , b^,) G ^ C C™^+™'^ 

are local coordinates for the neighborhood V[ = tpzi (V) C M of zi where Zi 
corresponds to = (0; 0). 

Given X + Y = (^i^i + X]j=i ^j'^j ^ '•^o + consider the curve 

C := {expt(X + y)(-Zo) : t G C} in M with initial value Zq and tangent 
vector T := [^^^21i(^f^0M]|^^Q ^ c"^2+mi = at zq in M. Since 

exp[t(X + Y) + 0{t^)] = YIT=\ exp ta,X, Yl7=i exp t^.r, 
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near t = 0, we can write r = (oi, . . . , a^a; ^i, • • • , ^mj '■= (a, b) in terms 
of the canonical local coordinates of V. We note that this correspondence 

X+Y G + 1^0 < > T = (a; b) G C™^^'"^ is linear and one-to-one; moreover, 

X-l-0 (O+Y) corresponds to (a; 0) ((0; b)). We consider the image curve gi{C) 
with initial value at Zi in M and tangent vector r' := |^ '^91 cxp t{x+Y){zo) j | ^ 
^mJj+m'i ^ £m-mo ]^ (^j^ terms of the local coordinates (^'; 77') for V{). 

Then the correspondence L : t & (j^m-mo _^ ^' ^ (^m-mo jg ling^j- ^^d one-to- 
one since r 7^ implies ti ^ 0. We consider the case when X = 0, that is, 
a = 0, and F = fej^j 7^ 0, so that r = (0; 61, ... , ^ (0; 0). Since 

F G X^g and (71 G D'{zo), it follows from property c. that X{z) is constant 
on the curve gi{C). Now by a standard result in the theory of homogeneous 

spaces there exists F G X such that the tangent vector [ '^"''^^f ^^^^ ] |t=o of the 
curve {exp tY{zi) : t G C} at Zi in M equals r' (in the local coordinates 

for ^1'); thus [^^^^^^fjf^] |f=o = 0, so that Y G X,,. We conclude 
that r' is of the form r' = {0;b[, . . . , b'^, ) G C™2+™'i. Since L is linear and 
t' 7^ (0;0), we have mi < m'^. Reversing the roles of zq and zi gives the 
reverse inequality; hence m[ = mi. □ 

Using 1. in Lemma TG. 41 we can construct the connected Lie subgroup E^^ 
of G which corresponds to X^g, and the subset of M: 

= { nr=i exp UX,eG:ueZ^, ue C, X, G X,, }; 
0-20 := ^20(2^0) := {g{zo) G M : 5( G E20 }. 

We have the following. 

Corollary 6.2. 

1. If g e D'{zq), then gJ^^o C D'{zo); \{z) = const. = X{g{zo)) on ga^o; 
and gazQ d D. 

2. For z\ G D, we define E^-^ C G and a^^ = I^ziizi) C M as in Ii6.16\) . 
Then we have, for g G D'{zi), X = const. = X{g{zi)) on gaz^; and 
gcTz^ (s D. 

3. Ifge dD'{zo), then gEz^ C dD'{zo) and gaz^ C dD. 

Proof. The first assertion follows from Lemma [6.31 and (16.161) . To verify 2., 
let 2i G -D and take g G D'{zi) with zi = g{zo). Using 1., zq and zi play the 
same role as in 3. of Lemma (6.41 showing that 2. for zi as well as 2. for zq 
are valid. The first formula in 3. follows from (I6.13p . The second formula 
follows from the first and the fact that [dD'{zo)]{zo) = dD (cf., ([63])). □ 
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By 1. in Proposition 16.11 we thus have 



D = [jgeD'(zo)9(^zo with ^cr,„ d D; 
fin I I ^^-^^^ 

Note that we have not proved that fl6.17p provide foUations of D and dD. 

C C 

Moreover, we remark that if (? G D'(zo) , then gT^^^ C D'(zo) (as can be seen 
using an argument similar to that used to verify the first assertions in 1. or 
3.); however, it is not necessarily true that gaz^ G D . In Theorem 16.41 we 
will need a fairly technical argument to find a domain K with D K G M 
such that ga^o G D" for g G K'{z) H D'{zf . 

We introduce the following terminology. Let a be a subset of M. We 
call (J a ^-dimensional non-singular, generalized (f -generalized) analytic set 
in M if, for any point z G a (z G M), there exists a neighborhood V of z 
in M such that each connected component of fl a is a /i-dimensional non- 
singular analytic set in V. Moreover, if a admits no non-constant bounded 
plurisubharmonic functions, then a is said to be parabolic. As a simple 
example to illustrate the difference between generalized and /-generalized 
analytic sets, let 

T, = {z = {zi, Z2) e C"^ : Z2 = zi} 
and take a := H (1 B where B is the open unit ball 

B = {z = (^1, Z2) G C^' : \zi\^ + I22I' < 1}. 

Then a is a generalized analytic set in but it is not an /-generalized 
analytic set in because for z = {zi, zi) ^ dB, there is no neighborhood V 
of z in such that fl cr is an analytic set in V. 

We first prove the main theorem in case the isotropy subgroup is 
connected. 

Theorem 6.3. Let M be a complex homogeneous space of finite dimension n 
and let G be a connected complex Lie transformation group of finite dimension 
m > n which acts transitively on M. Assume that the isotropy subgroup 
of G for z & M is connected. Let D be a pseudoconvex domain in M with 
smooth boundary. Assume that D is not Stein and fix zq & D. Then: 

1-a. The subset = ^^^(^o) of M defined in Ii6.16\) is a parabolic irre- 
ducible nil- dimensional non-singular f -generalized analytic set in M 
passing through zq satisfying the following properties: 

(o) Gzy^ G D; = G n AutazQ; acts transitively on az^; and 

O'za ~ ^zq/Hzo- 
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(i) M (D) is foliated by cosets gaz^, g E G (g E D{zq)) and each set 
gc^zo is relatively compact in M (D): 

M= Ugg^?^-o and D= UggD(.o)^^-o- 

(a) Any parabolic non-singular generalized analytic set a in M which 
is relatively compact in D is contained in a set ga^^ for some 

g e D{zo). 

l-b. Assume that a^^ in 1-a. is closed in M . Then 

(0) cr^Q is an irreducible, mi- dimensional compact non-singular ana- 
lytic set in D and S^^ is a closed connected Lie subgroup of G. 

(1) Let Mq := G/S^g and let ttq : M = G/Hz^ ^ Mq be the canonical 
projection. Then 7Tq'^{C) ~ cTzq (o-s complex manifolds) for each 
C € Mq; moreover, there exists a Stein domain Dq d Mq with 
smooth boundary such that D = Hq^^Dq). 

Proof. From the hypotheses of the theorem and 2. of Corollary 16.21 the 
function — A(^) is not strictly plurisubharmonic at zq. We maintain the 
notation f)^^ and Xz^ utilized in the proof of Lemma 16^ Since Hz^ is assumed 
to be connected, i.e., Hzg = H'^^, the Lie subalgebra [Jzq of X corresponds to 
the Lie subgroup Hz^ in G; D{zq) is connected in G, i.e., D{zq) = D\zq) and 
HzQ C D{zq)] moreover, each D{z) G G, z E D, is connected. We let T,zo 
denote the connected Lie subgroup of G corresponding to the Lie subalgebra 
Xzo- We consider the direct sum decompositions from fl6.15p : 



-zo Vzo 



hzo+Kv ^=^zo+Ko + ^z 



Here dimf)^^ = mg and we set dimX^g := mo + mi and dim [^^ := m2 so 
that m = mo + mi + m2. Let X = {Xi, . . . , X^j}, Y = {^i, • • • , ^mi} and 
Z = {Zi, . . . , Zmo} be bases of [^g, tzo and f)^^. Then we have 



Hzo = { nj=i exptjAj : z/ G Z+, G C, A^eZ}; 
^zo = { nj=i exptjAj- : z/ G Z+, tj G C, AjEYVJZ]. 



(6.18) 



Note first that Hz(^ is an mo-dimensional, non-singular closed analytic set 
in G. From the (holomorphic) Frobenius theorem stated in the beginning of 
section 5, S^g is an (mo-l-mi)-dimensional non-singular /-generalized anaytic 
set in G with the property that G is foliated by the sets {gHzQ}geG as well 
as by the sets {^fE^glggc- Thus, if g, g' E G, 

g' E gHz, ^ gHz, n g'Hz, ^ ^ gHz, = g'Hz,; 

g' E g^zo g^zo n g'^zo ^ g^zo = g'^zo- 
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Given g & G, we will call gH^^ (g^zo) integral manifold for i)^^ {^zo) 
G passing through g. Since H^g is closed and connected in G, we have the 
following result on the integral manifolds for ()^(,: if we fix (70 ^ then there 
exists a neighborhood V of go in G such that for g, g' G V, 

[igHjnV]n[ig'HjnV] = ^ =^ igHjnig'Hj = t 

The analogous property does not necessarily hold for S^^, since S^,, is not 
necessarily closed in G. 

Fix g^ G G. From item 3. in the discussion of the Frobenius theorem in 
section 5, we have the following canonical local coordinates ($0; Vo, ^0) of 9^ 
in G, which we call F-local coordinates of g^: 

i) Vq is a neighborhood of (7° in G; 

ii) Ao = A[) X A'^ X A'^' c C""^ x C™i x C™" where 

Ao = nr=i{ie.i<r.}, A[; = nr=i{i^d<^.}, K = uT=im<r^}; 

iii) $0 : £ ^ {^{g)^v{9)X{g)) G Ao is a holomorphic isomorphism 
with $o(fi'°) = G Ao 

which satisfies the properties: 

i') given = (^J', . . . , (^^2) ^ Ag, the (mo + mi)-dimensional polydisk in 
Ao defined by the equations 

S^o- 6=C^ i = l,...,m2, 

corresponds to an integral manifold for Xo from the map $0; i-G-? if 
g G ^Q^{S^g), then $0 ^(S'go) = ^f^^ connected component of [g'^zo] H Vq 
containing g; 

ii') given (^°, 77°) = (^°, . . . , ^^2; 77°, . . . , ?7°^J G A[)X A[j', the mo-dimensional 
polydisk in Ao defined by the equations 

S(e,v'') ■ = Vj = Vj^ z = 1, . . . , ma; J = 1, . . . , mi, 

corresponds to an integral manifold for f)o from the map $0; i-e., if 

g G <l>o^(%,^o)), then $o^(%o,^o)) = [gHz,] n V^,. 

From property ii') we have: 

iii') fix (e°,r/°), {e,v') e A[, X a;;, and let g° G $o'(%o,.o)) and g^ G 
$o-'(%i ,,!))• If ^ {e,v') then g'Hz,ng'Hz, = 0. 
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Using the local coordinate system F = {($0) K); ^o)}c/OeG ^^i G at (7°, we 
canonically obtain a local coordinate system f = {{(j)Q,VQ, /S.'^ x /S'q)}^!.)^}^! for 
M at a point as follows: fix 2;" G M and take E G with ipzoig^) = 
g'^izo) = 2°. Then we have F-local coordinates ($0; Vq, Aq) at g^ for G. We 
set vo = i^zoiyo) C M; this is a neighborhood of 2° in M. Take z' G I'd 
and choose g' G Vq such that 'ipzoid') = z! . Let $o(fl'') = {^'^v'X') ^ Aq and 
consider the correspondence 

0o:2'^(e',V)eA[,xA[;. 

Since M = G/H^o, we see from condition ii') that (poiz') does not depend on 
the choice of g' G Vq with ipzaid') = ^' ■ Thus 00 defines a mapping from vq 
onto Aq X Aq. We also see from iii') that 00 is one-to-one. Moreover, 0o is 
holomorphic. To see this, we consider a holomorphic section r of G over wo 
via V'zo su'^h that 

r : 2;' G t'o t(-2') G Fo 

and t{z^) = g^. We let %{t{z')) = {^{z'),7]{z')X{z')) G Aq, so that z' 
{^{z'),ri{z'),({z^')) is a holomorphic mapping from vq into Ao- On the other 
hand, by the definition of (po we have (po{z') = {^{z'),ri{z')) G Aq x Aq. 
Hence 00 is holomorphic on Wq. Thus the family f := {(0O) Vq, Aq x Aq)}z0^m 
gives a local coordinate system for M. We will call (00; ^o? Aq x Aq) F-local 
coordinates at z^ for M via g*^ (i.e., via F-local coordinates {^o,Vq, Aq) at 

We recall from f l6.16p the subset := '0z(,(S2(,) = S2(,(2;o) of M. Then: 

(1') is a parabolic, irreducible, rrii-dimensional non-singular f-generalized 
analytic set in D. Moreover, S^^ = Gfl Autaz^; S^^ acts transitively 
on azo; and az^ ~ T^zo/Hz^- 

(2') gczo = tpzoig^zo) for g e G. Moreover, M = Ug^cgi^zo satisfies the 
property that if gi^zo n g2crzo 7^ for gi, g2 e G then giCTzo = g2(rzo- 

(3') fix z^ e M and take g^ E G with iJzo{9°) = z^ . Let (0o,t;o, A^, x A;,') 
be F-local coordinates at z^ for M via g^ . Take z' G ^^o with (poiz') = 
(^', 77') G Aq X Aq and let g' E G with z' G (^'cr^^ . Then there exists a 
connected component a' of [g'cTzo] Civq such that a' = 0o ^({^'} x Aq) in 
M. 

Proof. The first assertion in (2') follows from the definition of ct^q. We 
next verify (3'). Let z' G Vq with 0o(-2') = l^t g' E G with z' G 

g'az,. We take h' G Vo with i)zo{h') = h'{zo) = z'; then %{h') = V, CO for 
some (' G Aq". Since z' G g'cTzo, we can find s G S20 such that z' = g's^Zo), 
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and {h') ^g's G i/^o- Since is a connected Lie subgroup of G which 
contains H^^, it follows that 

5f'S^o = g'sJ:^^ C h'H^^ ■ = /I'S^^ so that g'T.^^, = h'E^g. 

Since $o(^') = {CjV'X')^ we see from i') that the connected component of 
[g'^zo] n K) = [/i'S^o] n Vo containing h' is equal to $o^({C'} x A[; x A^,")- 
Together with the observation that $o ""^(^j r], C)(^o) = 0o ^(C; v) C) ^ 

Ao, this yields (3'). 

We now prove the first assertion in (1'). Fix e cr^^ and let g^ E G with 
g^^Zo) = . As before, we consider F-local coordinates ($0; K); ^o) at g^ for 
G and (00, Wq, A[) x A[;) at z° for M via g^ . Since 0o(^°) = (0, 0) G A^, x Af,' 
and 2° G cTzq, it follows from (3') that 0o^({O} x Aq) coincides with some 
connected component a' of [a^g] fl wq. Thus, a' is an mi-dimensional non- 
singular analytic set in vq. Now S^^ is connected; this implies that cr^g is 
an irreducible mi-dimensional non-singular /-generalized analytic set in M. 
Furthermore, using the representation for S^^ in fl6.18p . one can show that 
(Jzo = TizQ^^o) is parabohc. Now take g G D{zo). Since \{z) is continuous on 
D, it follows from Lemma [6.31 and fl6.18p that 

\{z) = const. = X{g{zQ)) for z G g(Jza- (6.20) 

Since —X{z) is an exhaustion function for D, we must have gCz^ d D, proving 
the first assertion in (1'). 

To prove the second assertion in (2'), assume that g'tx^^ n g"crzg ^ and 
take 2° G g'tr^o n g"<Jzo- Then there exist s',s" G with z^ = g's'{zo) = 
g"s"{zo), so that we find h G Hz^ such that gf's' = g"s"h. Since S^^ is a 
group containing if^^, it follows that g' = g"s"h{s')^^ G g"T.ZQ, and hence 
fif'S^o C g"T.zo- We thus have g'az^, C fi-'V^Q, and hence g'azo = g"(^zo- 

For the second assertion in (1'), since G C AutM, it suffices to prove 
that {(? G G : g'azo ~ '^^ol ~ a^*^ verify that S^g acts transitively on 
azf). Let G S^^. We have (^a^g = a^o by (2') which shows that C {(? G 
G : gCzo = CTzo}- To prove the reverse inclusion, fix gf G G with gCza = cTzq. 
There exist s G S^^ and h G Hz^ such that g = sh. Since if^g C S^^, it 
follows that g G S^^, which proves {g E G : gaz^ = (^zq} C S^^. To verify the 
transitivity, let ( G azg- From 06. 2p we can find g G D{zo) with 5'(^o) = C- 
Using (2') we have gaz^ = cTzq so that g G S^^ as required. □ 

Using (2'), (3') and (ini2D we have 

M= UgeG 9(^-0 and D= [jgeD{zo) d^^^o^ (6.21) 

which provide foliations of M and We see from (!') that each leaf gaz^ in 
-D for g G -D(2;o) is relatively compact in D, and hence each leaf gaz^ in M 
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for g ^ G is relatively compact in M. Thus (i) in 1 — a. is proved. Assertions 
(1') and (2') verify (o) in 1 — a. 

To prove (ii) in 1 — a. and 1 — b., we begin with the following two items: 

a. Let z' & D and let g' & G with g'{zo) = z' . Let I be a one- dimensional 
complex analytic curve passing through z' and contained in a neighbor- 
hood U of z' in M such that \{z) is constant on I. Then I C g'uzo- 

j3. is closed in G if and only if (Xzo is closed in M. 

Proof. We prove a. by contradiction. It suffices to consider the case when / 
intersects the mi-dimensional generalized analytic set g'cTzg transversally at 
z'. Indeed, assume that a. is true for any g'a^g which / intersects transversally. 
Now assume that there exists some set g'cTzo such that / does not intersect 
g'cTzo transversally at z'. To verify a. in such a case, proceeding by contradic- 
tion, we assume that / g'cTzo- Since we have a foliation D = Ug<:D(zo) QO'zo 
of D in (16.211) . we can find g" G D{zo) sufficiently close to g' such that 
g"o'zo n/ 7^ 0; g"(Tzo Hg'azQ = 0; and / intersects g"crzo transversally. But then 
by assumption we have / C g"o'zQ, which is a contradiction. 

Thus we assume that / ^ g'o'zo and also that / intersects g'cTzo transversally 
at z'. Using standard results for homgeneous spaces, we can choose X G X 
such that the curve G := {exptX{z') : t G C} in M has the same complex 
tangent direction at z' as the line /. Call this direction a. Since X{z) = const. 

on we have 'ata';"*'' ]l*=o ~ ^^ follows from the equivalent conditions 
o. ~ Hi. before Lemma 16.31 that X{exptX{z')) = const, for t G C. Since 
{g')^^{z') = zq E D, we have {g')^^ G D{z') = D'{z'). Thus, from property 
c, we see that X{{g')~^ exptX{z')) = const, for t G C. However the curve 
G' := {g')~^G intersects cr^g transversally at Zq since the curve G intersects 
g'cTzo transversally at z'. We can choose Y E X such that the curve C := 
{exptY{zQ) : t G C} has the same complex tangent direction at Zq as G'. 
This shows that G <^ cTzq. We again use the conditions o. ~ Hi. to conclude 
that X{z) = const, on C, so that Y G Xz^. Since azg = T^zq^Zq) and {exptY : 
t G C} C S^Q, we have G C aziy This is a contradiction. 

To prove the sufficiency in j3., let z'^ E azg, z/ = 1, 2, . . ., and let z^ E D 
with z'^ ^ z'^ a.s u ^ oo . We show that z'^ G ct^q. Fix g^ E G with g^{zQ) = z^ . 
Consider F-local coordinates ($05^5^0) at g^ for G and (0O)'^^O)^o ^ ^0) 
at z^ for M via g^ . Since z^ G for sufficiently large i/, we can find g^ G Vq 
with g'^{zo) = z^ . By taking a subsequence of {g''}^ if necessary, we may 
assume that there exists g* E Vq C G such that g"^ ^ g* as u ^ 00, so that 
g*{zo) = z^. On the other hand, since z" G cr^o, we can find s'^ G such 
that z"" = s^izo), V = 1,2,.... Hence g^izo) = s^izo), so that (s^y^g" G 
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i/^o C S^o- Thus g" E s'^T^zo = ^zo- Since g" ^ g* as v ^ oo and since is 
assumed to be closed in G, it follows that g* G S^y, so that 2;° = g*{zQ) G cr^Q. 
To prove the necessity in /?., let g" G Sz^, i/ = 1,2, .. . and g^ E G with 
g" g^ as u 00. We show that (7° G S^g. We set z'^ = g'^{zo) G cTzq and 
2;° = (7° (20) £ M. Since 2;^ — > 2° as — * 00 and since a^Q is assumed to 
be closed in M, it follows that z^ G ct^q. Thus we can find G E^^ with 
s°(2;o) = Hence g^{zo) = s'^{zo), so that g'^ G s^i^z^ C s^S^^ = E^^ and /3. 
is proved. □ 
Since —X{z) is a plurisubharmonic exhaustion function for D, assertion 
a. implies (ii) of 1 — a., completing the proof of 1 — a. 

To prove 1 — 6. assume that is closed in M. From 1 — a., is an 
irreducible, mi-dimensional compact non-singular analytic set in D. From 
E^g is closed, which proves (o) in 1 — 6. 

To prove (i) in 1 — 6. we note that E^g is closed in G, so that E^g is 
an (mo + mi)-dimensional connected closed Lie subgroup of G which cor- 
responds to the Lie subalgebra Xzg of X. We consider the quotient space 
Mq := GfEzo', this is an m2-dimensional complex homogeneous space with 
Lie transformation group G which acts transitively on Mq. Since if^o C E^q 
as Lie groups, we have the canonical holomorphic projection 

ttq: z = gHzo E M ^ w = 7ro(^) = gT^^^ E Mq. 

Just as we identified i/zg C G with the point zq in M, we may consider 
Wq := E20 as a point in Mq, i.e., E^^ is the isotropy subgroup of G for the 
point Wq in Mq. Then 

vro(^(2o)) =9{wq), for all ^gG; ^^^^^ 
t^o^{9{wq)) = ga^^, for all g E G. 

Indeed, the first formula comes from the definition of ttq. For the second 
one, we first note that 

M9(^zo) = Mg^zoizo)) = gT^zSwo) = giwo), 
which proves the inclusion gaz^ C 7rQ^(g{wo)). To prove the inclusion 

take z E M with hq^z) = g{wo). We can find g' E G with g'{zo) = z. Thus, 
g'{wo) = no{g'{zo)) = gjiup ) so that g' E gT^z^. It follows that g'{zo) E gaz^, 
and z E gcTzo- Thus, (16.221) is proved. 
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Set Do := 7ro(-D) C Mq. We have Dq m Mq since D m M; moreover, let 
w & Dq {ODq) and take g E G such that w = g{wo). Then 

TT^\w) = ga,, D (dD). (6.23) 

Indeed, since the proof is similar, we only give the proof in the case w E Dq. 
Since g^zo) G D, we find g' G D{zq) such that 5^(2:0) = fi''(-2o), which implies 
g = g'h G D{zq). This together with (16.221) and (i) in 1-a. implies (I6.23p . 
Therefore, we have 

D = TXo^{Do) and dD = Ti^^idDo). (6.24) 

To prove that -Do is a Stein domain in Mq, we define a real- valued func- 
tion Ao(u') on Dq as follows. Fix w E Dq and take z & D with ttqIz) = w. 
We define \o{w) := X{z), which is well-defined by (16.231) . In order to prove 
that \o{w) is a strictly plurisubharmonic exhaustion function on Dq we shall 
utilize the usual coordinates for M and Mq. Fixing g^ G G, by the Frobe- 
nius theorem we have F-local coordinates ($0,^05^0) at g^ for G with the 
following properties: 

^o-.geVo^ {^{g),v{9),C{9)) e Ao := K x Ao X Ao ; 
for a given p = {^', 77', (') G Aq, if we set g' := $0 ^(p) G Vq, then 
[g'H^,,]nVo = %'m',i)}xA';;); 



[^?'Sjn^ = <I>o^({r}x A[;x A 



(6.25) 



Ji 



and 



{[g'H,,] n Vb) n i[g"H,,] n K,) = ^ [^?'i^.o] n [g"H,,] 
([^7's,j n \/o) n ([(7"s,J n Vb) = ^ [^^'s^j n 



(6.26) 



Note that and are closed in G. We set Ui := {gHz^ E G : g E Vq} C 
G, and we regard f/i as a neighborhood of = g^Hz^ in M. Similarly, we 
regard U2 := {g^zo & G : g E Vq} C G as a. neighborhood of = g'^T.zo in 
Mq. For g E Vq, we consider the correspondences 

(^1 = 00 ■z = gHz, eUi^ (^, r/) G A[) X A^'; ^7) 

Then (yji, t/i, Aq x Aq) and {1^2, U2, Aq) define local coordinates at z^ for M 
and local coordinates at for Mq. In particular, 

Mlg'^zo] n t/i) = {0} X A'^; Mlg'^zo] n U2) = 0. (6.28) 
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In terms of the local coordinates fl6.27p . if we restrict ttq from the neighbor- 
hood Ui of in M to the neighborhood U2 of in Mq, we have 

vTo: A[,x A^j'h^ee A[,. 

From the local coordinate expression for ttq and (16 .24^ . we have that dDo 
is smooth in Mq. Moreover, using the local coordinates fl6.27l) . Xq{w) is of 
the form Ao(0 = K^,v) for (^,77) G A[, x A'^. In particular, Ao(0 = A(^,0) 
in Aq. It follows from the plurisubharmonicity of —X{z) on D that —Xq{w) 
is plurisubharmonic on Dq. Since = T^oidD), the fact that —X{z) is an 
exhaustion function for D implies that —Xo{w) is an exhaustion function for 
Do. 

It remains to verify that Ao(u') is strictly plurisubharmonic on Dq. If not, 
there exists w° E Dq and e C"*^ (ao 7^ 0) such that [ ^'^°^^°^+°°*^ ]|t=o = 0. 
Take z^ E D and (7° G -D(^o) with 5'''(-2o) = -2° and vro(-2'') = Using local 
coordinates {(pi, Ui, Aq x Aq) at 2;° for M and (^92, f/2, Aq) at for Mq, we 
may assume that w^ + aot, \t\ <^ 1 in t/2 is of the form ^ = a^t, \t\ ^ 1 in Aq. 
Since Ao(aot) = A(aot,0), \t\ <^ 1, we have [^-^^^] \t=o = 0- Take X E X 
with the property that the integral curve := {exptX(z'^) : t G C} in 
M has direction (oq; 0) G C"*^ x C"^ at 2°. From the equivalent conditions 
o. ~ in. we see that A(2;) = const, on C°. Since 2° G C° fl [(yf^cTzg], it 
follows from a. that C° C 5'°cr^(,. On the other hand, by (l6l28l) . [fi'^a^J H t/i 
corresponds to {0} x Aq using the local coordinates ipi. Since the direction 
of at 2° is (oq; 0) with oq 7^ 0, this is a contradiction. Condition 1 — 6. is 
proved. □ 

We would like to prove a result. Theorem 16.41 corresponding to Theorem 
16.31 in the case when the isotropy subgroup is not connected for use in 
studying special Hopf spaces. We begin with a discussion below which makes 
clear the difference between the connected case and the non-connnected case. 
The bulk of the proof of Theorem 16.41 can be found in Appendix B; we 
commence with some background and motivation. The next two results. 
Propositions 16.41 and 16.51 are standard. To keep the article self-contained, 
and since we will use some notation from the proofs later on, we include the 
brief proofs. One preliminary notational remark: if A, B are subsets (not 
necessarily subgroups) of a group G, we write AB := {ab : a E A, b E B}. 

Proposition 6.4. Let zq E M and suppose that H^q is not connected. Con- 
sider the decomposition of H^q into connected components , k = 1,2, . . . , 
where h'^^J = H'^^ (see ^6.3\) ). Then there exists a neighborhood vq of e in G 
such that 

1. VoHi'^^ nvoH^J = iD, k^l; 
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2. if a, b E Vq and a E Hzq, then a ^b E H'^^. 

Proof. Since is closed in G, 2. automatically holds provided vq is a 
sufficiently small neighborhood of e in G. To verify 1. we ffist prove that 
there exists a neighborhood Vq with property 2. such that 

^oi^;n(ur=2^oi^s^) = 0- (6.29) 

If no such neighborhood exists, then for any neighborhood Vq of e, for j = 

Ik ■) 

1,2,..., we can find G VQ.hj G H[^^ and g^k, G VQ.hju, G Hl^ , kj > 2 
such that gj,gjkj ^ e as j ^ oo and gjhj = gjk-hjkj, j = 1,2. . .. Hence 
9jkj9j ~ hjkjhj^. The left-hand side gj'^.gj tends to e as j ^ oo and the 
right-hand side hj^-hj^ always belongs to iJ^^. Hence hj^-hj^ G if^o 

sufficiently large j, so that hjk^ G H'^^. This contradicts hjk^ G -f^io^^ for all 
kj > 2, verifying (16.291) . We now prove that this neighborhood vq satisfies 
1. If not, fo/ifc-f^2(, n v^hiH'^^ 7^ for some k ^l. Then vo{hkH',^hl^) n 
VQ{hih^^){hkH'^^h'^^) 7^ 0. Since if^^^ is a normal subgroup of iJ^g, we have 
vqH'.^^ n VQ{hih^'^)H'.^^ ^ 0. Since k ^ I we have {hih'f^^)H'^^ = H^''^ for some 

m > 2 and n H'^^ = (J} by dH^]). Hence t;oi/;^ n t;oi/io"'^ 0, which 

contradicts fl6.29p . Condition 1. is proved. □ 

We consider the quotient space M' = G/H'^^ which is a homogeneous 
space with Lie transformation group G which acts transitively on M'. We 
note that M' depends on the point Zq in M. The space M' has the same 
dimension, m — n, as M. We write wo for the point in M' which corresponds 
to i/^o we introduce the notation H^jg := H'^^ C G. Then we have the 
projections 

: g eG^ g{wo) G M', : g e G ^ gH^^ G G/Hy,„. 

Recall we defined Pi^g as the Lie subalgebra of X which corresponds to i/^oi we 
now write f)^^ := i)zo C X. Thus, if^^ is the connected isotropy subgroup of 
G for wq G M' whose Lie subalgebra is i)^^, and a point w in M' is identified 
with gH^g where g{wo) = w. 
We consider the mapping 

TT : gH'^^^ eM'^ gH,, G M. 

We remark that vr depends on zq in M. This mapping is well-defined, holo- 
morphic and surjective. Note that for any w G M' and g E G 

T^{.gw) = gTiiw), n-^{gHz^)= UfcLi 5'^fc^«.o (6-30) 
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with hk G ifio^ as in (16. 3p since Hi^^ = hkH^jQ, = 1, 2, . . . by (16.31) . 

To verify (16.301) . since w = g'H'^^ for some g' G G, we have, by definition, 
TT{gw) = TT^gg'H'^^) = gg'H^^^ = giiiw). This proves the first equahty. By 

(16.31) we have Ti{gH'^) = gHz^, so that l-i^LigHio^ C TT'^{gHzg). Conversely, 
if we take h & G such that 7r{hH'^^) = gHzg, then we have g~^h G Hzg = 
^T=iHzo\ and hence h G ^i/J^ for some k. Thus, hH'^^ C gH^J^^H'^^ = gHi^\ 

(k) 

Since both sets hH^^ and gHzo are irreducible, analytic sets in G of the same 

dimension, we have hH'^^^ = gH^ . Thus the reverse inclusion holds, and the 
second equality is proved. 

Proposition 6.5. The pair (tt, M') gives a normal, unramified cover of M; 

1. e., if z G M, w G 7r~^{z), and 'y is a real, one- dimensional curve in M 
starting at z, then there exists a unique curve 7' in M' which starts at w and 
satisfies 7r(7') = 7. 

Proof. We use the notation in Proposition (531 in particular, vq is a neighbor- 
hood of e in G satisfying the conditions 1 and 2. Let z G M; thus z = gHzg 
for some g E G, or equivalently z = g{zo). Then we have by (I6.30p 

9~\z) = {wk}k=i,2,... where Wk = gHfJ = ghkH',^ G M' . (6.31) 

Note that {wk}k=i,2,... are isolated in M'. We define 

V := gvoHzo and Uk := gi'oH^J^^ = gvohkHujo = gv^H^^hk, (6.32) 

so that K is a neighborhood of 2; in M and Uk is a neighborhood of Wk in 
M' . It suffices to prove that 

TT'^IV") = UfcLi Uk a disjoint union; 

77 : Uk ^ V is bijective for each = 1, 2, . . .. 

The first equality, and the disjointness, follow from 1. in Proposition (231 The 
surjectivity of tt in the second assertion is clear by its definition. To verify 
injectivity, it suffices to show that gaHz^ = gbHzQ =^ gaHi^^ = ghH^^ for 
a, b E Vq, or, equivalently, since H^^^ = hkH'^^, a~~^h G iJ^y =^ h^'^{a'^h)hk G 
-fT^o- Since H'^^ is a normal subgroup of if^^, this last implication follows from 

2. in Proposition 16. 4[ □ 

We set up some more notation which will be useful in discussing the case 
when is not connected. For our relatively compact domain D in M, 
we take G -D and set D := 7r^^(D) in M' . Note that D need not be 
relatively compact in M'; moreover, D may be disconnected. However, from 
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Proposition 16.51 D has no relative boundary over D; and from (16.331) . for w G 
dD we have ti{w) G dD. We decompose D into its connected components 
Dj in M': D = IJ^i-^i- We use the convention that Di is the connected 
component containing wq. RecaUing the notation D'(zo), D^'^\zo) in (16. 4p 
for the connected components of D{zo) in G, we will show in Appendix B 
that we have, after possibly relabeling indices, 

Dk = {giwo) eM':ge D'^''\zo)}, A; = 1, 2, ... . 

We introduce the notation 

\{w) := A(7f(M;)), w G Di. (6.34) 

Note that this notation implies that X{w) is related to tt : M' = G/Hu,a ^ 
M = G/HzQ, but we caution the reader that \{w) is not necessarily the c- 
Robin function for Di in M'. However, since Di is an unramified cover over 
D without relative boundary, it follows that —\{w) is, indeed, a plurisub- 
harmonic function on the domain Di C M' such that for w' G dDi we have 
lim^^^/ X{w) = — oo. Moreover, if K D and we set Ki := n~^{K) fl Di, 
then X{w) is bounded in Ki. 
We define 

$ Jv^■^^ r '9^A(exp tX(wo)) 

:= {X G : [ ]\t=o = 0}. (6.35) 

With the notation above, we will show in Appendix B that 

^wo = = {X ^ ^ • exptX(-u;o) G -Di, A(exptX(wo)) = A(wo), t G C} 

and for X G X^^ and G -Di(wo), 

gexptX{wo) G 5i, A(5( exptX(wo)) = X{g{wo)) 

for all t G C. Associated to is the Lie subgroup 

= { Ui=i exp tiX,eG:ue Z+, G C, X, G X^^ }. (6.36) 

We now state the main theorem in case is not connected, and then we 
make a remark on the roles of the Lie subalgebra X^^ of X and Lie subgroup 
Eu;g. In assertion (o) in 2 — a. in the theorem below, T-C'{zq) is the Lie 
subgroup of studied in Corollary 16.11 : S^^ is the connected Lie subgroup 
of G corresponding to the Lie subalgebra Xq defined in (16. lip , and 

S,„7^'(2o) = {sheG:se S,,„ h G n'izo)}. (6.37) 

As mentioned, the proof of the theorem will be deferred to Appendix B. 
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Theorem 6.4. Under the same notation as in Theorem \6.3^ i.e., M is a 

homogeneous space of dimension n and the Lie transformation group G of 
dimension m acts transitively on M , assume that the isotropy subgroup Hz 
of G for z & M is not connected. Let D he a pseudoconvex domain in M 
with smooth boundary. Assume that D is not Stein. Fix zq ^ D. Then: 

2-a. The subset = ^^^(^o) of M defined in Ii6.16\) is a parabolic mi- 
dimensional non-singular f -generalized analytic set in M passing through 
zq with the following properties: 

(0) (Tza (s D; TizqU-'^Zq) = D\zq) n Autazf^; Tjzq'H'^zq) is a Lie sub- 
group of G which acts transitively on cr^o / one? 

(jz, ^ Ez,n'izo)/n'{zo). 

(1) There exists a domain K with D K G M such that D{K) is 
foliated by the sets qcTzq, g G K'{zo) (g G D'{zo)) and each such 
set gazQ is relatively compact in K{ D ): 

(a) The same result as (ii) in 1-a. of Theorem \6.3\ holds. 
2-b. Assume that Oz^ is closed in M. Then 

(0) The same result as (o) in 1-a. of Theorem \6.3\ holds. 

(1) There exists a complex manifold Kq and a holomorphic map ttq : 
K I— > Kq such that Hq'^^C) ~ cTzq (^s complex manifolds) for each 
C G Kq; moreover, there exists a Stein domain Dq d Kq with 
smooth boundary such that D = 7rQ^{Do). 

Remark 6.1. We first remark that, as in the connected case, we have 

where f)^^ is the Lie subalgebra of X corresponding to H'^^ and X^^ = X^g 
from (I6.35p . Also, in the proof of Theorem 16.41 the connected Lie subalgebra 
Xzo = of X defined by f l6.35p and the connected Lie subgroup S^^ = S^^ 
of G which corresponds to Xzq will play essential roles. In the special cases 
when Hzg C and S^^ is closed in G, we will see from the proof that 2 — 6. in 
Theorem 16.41 implies that K = M; Kq = GfEz^ (hence Kq is a homogeneous 
space); ttq : gHQ G M i— gT^z^ G Kq; and Dq is a Stein domain in Kq with 
smooth boundary. That is, in this case, the result is the same as in 1 — b. of 
Theorem 16.31 



84 



This special case described in Remark |6 . 1 1 occurs when M is a special Hopf 
manifold; we now turn our attention to this case. We let (C^)* := C" \ {0} 
and we fix a G C with |a| 7^ 1. For 2;, z' G (C^)*, we define the following 
equivalence relation in (C")*: 

z w iff w = ot z iox some integer k. 

We consider the following space: 

M„ = (C")7 ~, (6.38) 

this is an n-dimensional compact manifold. The space ]HI„ is called a special 
Hopf manifold. We write \z\ G EI^ to denote the equivalence class of a point 
z = {zi,...,Zn) G (C")*. In case n = 1, Hi is the usual one-dimensional 
complex torus Tq,. The space EI„ clearly has the following property. 

Proposition 6.6. 

1. The group GL[n,C) is a Lie transformation group of EI„ and acts 
transitively on EI„; i.e., EI.„, equipped with the Lie group GL{n,C), is 
a homogeneous space. 

2. We have the canonical projection ttq : [^^i, . . . , z„] G ]HI„ ^—>-[zi:...: 
Zn] G P"-^ such that ti^^^Q ~ for each ( G P"-^ 

We write O := [(1, 0, . . . , 0)] G H„ and call O the base point of M„. Then 
the isotropy subgroup Hq of GL{n, C) for O is 







(*) \ 













A 


v 





) 



G GL{n, C) : A; G Z, (*) G C"^\ det A ^ O}, 



which is closed but not connnected in GL{n,C). We let Hq denote the 
connected component of Hq which contains the identity in GL{n,C), i.e., 



Therefore, 



/ 1 


(*) 









A 


Vo 






^ GL{n, 



G GL{n, C) : (*) G C"-\ det A^O}. 



GL{nX)/Ho = {gHo : g G GL{nX)}- 
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To be precise, let 



9u 
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n \ 



Let g := {gu, 
mapping 



eGL{n,C)- (6.39) 

\ 9nl ■ ■ ■ 9nn ) 

■ ■ ! 9ni) G (C")* denote the first column vector of g. Then the 
«o : 9ii^ e GL{n, £)/H^ ^ g{0) = [g] G H„ 



is bijective. 

For local coordinates in a neighborhood V of the base point O we can 
take 

/ 1 + \ 



1 



v 



tn 1 



\ti\ < p, i 



l,...,n, 



where the missing entries are all 0. Equivalently, let t/ := {t = (ti, . . . , t„) G 
: \ti\ < p} where the base point O of EI^ corresponds to the origin 
of C". That is, let g G GL{n,C) in (16.391) be close to the identity /„. 
Corresponding to gHo G EI„ the point t{g) := {gu — 1, (721, • • • ,9ni) ^ C*^, 
is close to (0,0, ...,0). We have (i) if giHo 7^ (72-^^0 for gi,g2 ^ V, then 
t{gi) 7^ t(5f2); (ii) given t' G ?7, we can find g G GL(n, C) close to In with 
t(5f) = t'. We call the local coordinates t at O the standard local coordinates 
at O in H„. 

We consider the Lie algebra X consisting of all left-invariant holomorphic 
vector fields X on GL{n,C). We identify X with M„(C), the set of all 
n X n square matrices, as follows: to X = (Ajj) G M„,(C) we associate a 
left-invariant holomorphic vector field vx on GL[n,C) via, for g 
GL{n, C), 



vxi9) ■= ^ kjXijig), where Xij{g) = ^ 



i,j=l 



k=l 



dxkj 



(6.40) 



Hence we identify the vector field vx on GL{n, C) with the matrix X = (Ay) 
in M„(C) as additive groups. The integral curve Cx for vx with initial value 
/„ is given by 

Gx = {exp tX G GL(n, C) : t G C}, 



and the integral curve of vx with initial value g G GL{n, 
gGx e GL{n, C). 



is given by 
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We let [)o denote the corresponding Lie subalgebra for Hq, so that 



f)o = { 



/O 



V 



A 



\ 



J 



GM„(C) : AgM„,„_i(C)}, 



(6.41) 



where M„^„_i(C) denotes the set of all n x [n — l)-matrices. We have 

H'o = {nr=iexpt.X, e GL{nX) ■ u e Z+ , U ^ C, X, e ()o}. 

Theorem 6.5. Let D d EI„ 6e a pseudoconvex domain with smooth boundary 
which is not Stein. Then there exists a Stein domain Dq in P"^i with smooth 
boundary such that D = '^^^{Dq). 

Proof. We may assume D contains the base point O. Following Theorem 
16.41 for such domains D in a homogeneous space, we fix a Kahler metric ds"^ 
on G = GL{n, C) and a strictly positive C°° function c on G and we consider 
the c- Robin function A([z]) for D. Define the following subset of the Lie 
algebra X= M„(C): 



d^X{exptX{0))^ 
dtdt - 



0}. 



Under our assumptions for D we showed that jCq is a Lie subalgebra of j£ 
with 



(6.42) 



(recall fl6.12p and Remark 16. ip . Fix X G Xq \ f)o- We may assume that X is 
of the form 



X 



\ Cn 



e Mn{C), 



I 



where some Cj 7^ 0, i = 1, . . . , n, and (*) is a matrix in M„^„_i(C). We show 
that 



c, =0, J = 2, 



,n. 



(6.43) 



We verify (16.431) by contradiction. Thus we assume that some Cj 7^ 0, j = 
2, . . . ,n. Take any F G f)o of the form Y = (0, . . . , 0, y, 0, . . . , 0), where 



87 



is the zero ra-colmun vector and y is an n-column vector in the j-th column. 
An elementary calculation yields 



/ - 



\ 



(0) 



J 



where (0) is the zero matrix in Mn,n-i{'C) and Y' G t)o- Recall that Xq is a 
Lie subalgebra of X with f)o C Xq. Since the points yj, j = 1, . . . , n, can be 
arbitrarily chosen in C, if Cj 7^ it follows that Xq = X. This contradicts 
which proves fOHD . 

We thus see that if Xq 7^ f^o, then, dimXo = 1 + n{n — 1) and 



/ X 





v 







X 



eC, (*) gM„,„_i(C)}. 



To complete the proof of the theorem we let Sq denote the integral manifold 
for Xo in GL{n,C): 



So = {Ui=i expUXi e GL{n, C):ue Z+, U G C, Xie Xo}, 



so that 



So = { 





a 


(*) 













A 


v 








a e C*; (*) e C'-\ A e GL{7i - l,C)}. 



Hence Sq is a closed Lie subgroup of GL{n, C) with Hq C Sq. Moreover, 
writing *0 for the transpose of the row vector O = [(1, 0, . . . , 0)], 



ao:=V^o(So) = So(*0) = {[(a,0, 



G e„ : a G C* }, 



which coincides with the torus T^. Since GL(n,C)/So = P"~^ and the pro- 
jection gHo I— > g^zo from EI„ to P"~i mentioned in Remark l6 . 1 1 coincides with 
ttq in 2. of Proposition 16. 6[ Theorem 16.51 follows from Remark 16.11 (taking 
K = m.n and A^n = P"~M. □ 
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7 Flag space 



In this section, we apply 1 — 6. in Theorem 16.31 to the flag space Tn to 
determine all pseudoconvex domains D d Tn with smooth boundary which 
are not Stein (see Theorem 17.11) . There are few known results on the Levi 
problem in Tn (cf., Y-T. Siu [H], K. Adachi [T]). By definition, the flag space 
Tn is the set of all nested sequences 



z: {0} C Fi C . . . C C C 



(7.i: 



where Fj, i = 1, 



n 



1 is an z-dimensional vector subspace of C". We 



describe the structure of Tn as a homogeneous space. Given A = (aij) G 
GL{n, C) we shall define an isomorphism A of Tn- Consider the linear trans- 
formation of C" given by 



A : 



an 



ai 



\Zn J \0'nl ■ ■ ■ O-nn ) \^n/ 

For 2; G JF„ as in flT.ip . we then define A{z) G Tn via 

A{z) ■ {0} C C A{F^) C C 



(7.2) 



In this way GL{n, C) acts transitively on Tn] i.e., Tn is a homogeneous space 
with Lie transformation group GL{n,C). 
We fix the following point O in Tn- 



O - {0} C C C ■ ■ ■ C C C", 



where 



F; . Zi 



0, 



n — 1. 



We call O the base point of Tn- The isotropy subgroup Hq of GL{n, C) for 
the point O is the set of all upper triangular non-singular matrices: 



Ho 



i On ai2 
022 



I v 



a. 



G GL(n, C) 



> . 



In particular, Hq is connected in GL{n,C) and dimi^o = "'^'^^^^ . Since 
JF„ ^ GL{n, C)/Ho, the flag space JF„ is a compact manifold with dim Tn = 
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For local coordinates of a neighborhood of the base point O in JF„ we can 



take 



/I 



\ 



\ 



1/ 



, tij E C, l<j<i<n — 1, 



where the point O corresponds to the identity / in GL{n,C). Equivalently 

t = (^21, ^31; • • • ; tnl', ^32; • • • , tn2', ■ ■ ■ tnn-l) 

= (ti; . . . ; t„_i) G 

where tj, j = 1, . . . , n — 1 is an (n — j)-column vector and the base point 
O corresponds to the origin in C^. We call these local coordinates the 
standard local coordinates at O. 

For any A = (aij) G GL{n,C) which is sufficiently close to /, each sub- 
space A{F^), k = 1, . . . ,n — 1, in ( \7.2\} can be written as 




where 



\ "nl 



1 (fc) ry 



(7.3) 



an 



We call (17. 3p the canonical representation of the fc-dimensional vector space 
A{F^^. Using the standard local coordinates t, we let 

7 := (721, • • • , 7ni; 732, • • • , 7n2; • • • ; 7nn-l) 

denote the point ^(O) in JF„. Then 



V Ink j 



k = 1, . . . , n — 1, 



(7.4) 



\ (*■■) / 



which is equal to the /c-column vector determined by the coefficients of the 
variable Zk in the canonical representation (17. Sp of A{F^). 
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Recall that Mn{C) denotes the set of all n x ra-matrices with coefficients 
in C and we associate X = (Ajj) G M„(C) to a left-invariant holomorphic 
vector field Vx on GL{n, C) as in (16.401) : for g = (xij) G GL{n, C), 

n n Q 

vx{g) ■=^\jXij{g), where Xij{g) = ^Xki^^. 

i,j=l k=l ^-^ 

Then Cx = {exp tX G GL{n, C) : t G C} is the integral curve of Vx with 
initial value I and ACx G GL{n,C) is the integral curve of vx with initial 
value A G GL(n, C). 

This identification of left-invariant holomorphic vector fields and matri- 
ces will be heavily utilized. Also, unless otherwise stated, in the matrices 
occurring in this section all missing entries are 0. 

Lemma 7.1. 

1. Let X = (Xij) G Mn{C) and let Gx{0) := {(exp tX){0) E J^n : t G C} 
be an analytic curve passing through the base point O att = 0. Then the 
tangent vector ofCxiO) at O , in terms of the standard local coordinates 
t at O, has the form 

(A215 Aai^ . . . , A„i; A32, . . . , Xn2', . . . ; A 



2. Let X = (A,j) G A£„(C) and let X' G M„(C) be the matrix 



X' 



/O 

A21 
A31 A32 



\ A„i A 



n2 



A 



n n— 1 



0/ 



For any A G Hq, the direction of the analytic curve y4exptX(0) at O 
in Tn is equal to that of the curve Aex\)tX' {O) . 



Proof. We have 



exp tX 



I 1 + Ant 



0{t\ 



\ Xnlt ■ ■ ■ 1 + Xnnt j 

In terms of the standard local coordinates at O, we write 

r(t) := (ri(t);r2(t);...;r„_i(t)) 
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for the point exp tX{0) in JF„. Fix 1 < k < n—1. Following fl7.4p we consider 
the (n — k, /c)-matrix y4^_^(t) and {k, /c)-matrix Ak{t)~^ for A{t) = exptX: 



\ 



^nkt 



( 1 + Aiit 



v 



1 + / 



(df)(t),...,dr(t)), 

/c is a /c-column vector. We then have 



where each ^f^{t) j = 1 



so that 



b=o = (^tJ'(O) (0) = (AtJ'(O) 



/0\ 





which proves 1. 

To prove 2. we write X = (Ajj) G M„(C) and A = (aj-,) G i/o- We denote 
by V := (vi ; V2 ; ■ ■ ■ ; v„_i) and v' := (v'^^ ',^'2 ■ ■ ■ ] ^n-i) ^^e directions 
of the curves AexptX{0) and AexptX'{0) at O in JF„. Following (17. 4p . for 
/c = l,...,n — Iwe have 



Vfc 



v 



En 

^i=k+2 ^k+2 iKk 



I 



hk 



\ 4? / 



(7,5) 



where the /c-column vector in the right-hand side is the k^^ column vector of 
the inverse matrix of (aij)jj=i,...fc. Hence, does not depend on Ajj for {i,j) 
satisfying 1 < i < j < n, so that = v^. Thus 2. is proved. □ 

We define generalized flag spaces JF^. Let 



Tl := (mi, 



(7.6) 
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be a fixed, finite sequence of positive integers witli 1 < nij < n and mi + 
■ ■ ■ + = n. Set rij := mi + m2 + . . . + for j = 1, . . . , /i, and consider a 
nested sequence ( of vector spaces in C"' 

C : {0} C Sn, C C ■ ■ ■ C Sn,_, C C", 

where Snj, j = 1, . . . , /i — 1, is an rij-dimensional vector space. Let J-"^ 
denote the set of all such sequences (. We call JF™ the OK-fiag space in 
C". In particular, JF^ coincides with J^n if fJ' = n. Clearly GL{n, C) acts 
transitively on J-'^. We fix the following point in J-'^ as the base point: 

: Sn^ = {Zn^+l = ... = Zr, = 0}, j = 1, . . . , /i - 1. 

Thus the isotropy subgroup of GL{n, C) for is the set of all matrices 









\ 


hi 


(*) 


(*) 







hj 


(*) 


















I 



where hj G GL{mj, C), j = 1, . . . , /x. Hence 

(i) J-f ^ GL{nX)lHf'- 

(ii) Hq C H'^ and H'^/ Hq ~ J-'mi x ■ ■ ■ x JF^,^ , where is the usual 
flag space in C™-'; 

(iii) there exists a holomorphic projection vran : gHo & J-'n ^ G JF^, 
such that 

Our main result is the following. 

Theorem 7.1. Lei D J^^ be a pseudoconvex domain with smooth boundary 
which is not Stein. Then there exists a unique sequence 971 = (mi, . . . ,m^) 
with 1 < ^ < n and a Stein domain Dq (e JF™ with smooth boundary such 
that D = {Tr^)-^{Do). 
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To prove the theorem, we isolate the main ingredient, Lemma 17.21 To 
speciahsts in Lie theory, this is the statement that any parabohc Lie subgroup 
of GL{n, C) containing the Borel Lie subgroup Hq must be of the form Hq^^H 
GL{n, C) where DJl is defined in (17. 6p . We give an elementary proof accessible 
to non-specialists. We first introduce some useful notation. For 1 < m < n—1 
and q = n — m > 1, 

On or O (resp. Og) = the base point of JF„ (resp. J-'g); 

Mq{C) = the set of all g x g square matrices; 
Ig = the identity inM^; 
Mm g(C) = the set of all m x g matrices; 

H^"^ = the set of all upper triangular matrices in Mg(C); 
^(^,,) = <; ( - I : ) e M„(C) : X e M.^{C), Y e M„,,(C) 



X 


Y 









and, for an element Xg E Mg{C) and a subset X'-^-' C Mg{C), 















e M„(C); 



•n{X^'>'>) = {un{Xg) G M„(C) : Xg G X^^^}. 



We note that from (16.401) . the Lie subalgebra of X which corresponds 
to the isotopy group Hq of GL{n, C) for the identity / can be written as 
Sjo = {vx e ^ ■■ X e Hf'}. We identify fio with h'^^^ just as we identify X 
with M„(C). Then Hq = H^^^ n GL{n, C). 

Lemma 7.2. Lei Xq C M„,(C) /iawe the following two properties: 

(a) Xq «s a Lie subalgebra of Mn{C) with Hq^^ C Xq; 

(b) let X G Xo and A E Hq. Then any Y G M„(C) which satisfies 

[ Jt J l*=o - [ J |,=o (7.7) 

belongs to Xq. 

Assume h'^'' C Xq C M„(C). Then there exist a unique integer xn, 1 < m < 
n — and a unique subset Xg'^^ C Afq(C) where q = n — m> 1 such that 

(1) Xg'^'* satisfies propeties (a) and (b) with n replaced by q; 
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(2) Xo = M('"'") + u;„(xS,''^). 



Remark 7.1. According to T. Morimoto (private communication), condi- 
tion (a) implies condition {h). We include (6) as a hypothesized property to 
maintain the elementary character of the proof of the lemma. Note that (6) 
is very similar in content with 2. of Lemma [6 .41 

Proof. The uniqueness is clear. To verify the existence of Xq''' satisfying (1) 
and (2) we divide the proof into seven short steps. For 1 < k < v < n we 
write X^i e M„(C) for the matrix whose [v, l)-entry is 1 and whose other 
entries are all 0. 

I'** step. Fix V with 2 < v < n. If Xj^i G Xq, then Xq contains all matrices 
of the form 



/ 

a2 



\ 



\ 



J 



J 



where the missing entries are all 0. 

Proof. Let G C, j = 1, . . . , z/ with a^, ^ 0. We consider 



A 



/ 1 a\ 


\ 


1 a^_i 




ay 






^n—v 


\ 


1 


(t) := (ai(t);a2(t); 


. . . ; a„_i( 



We let 

represent the point y4exptXi,i(0) in Tn in terms of the standard local coor- 
dinates at O. Then we have by (17.41) 



ai(t) 



1 



(a2t, . . . , ay_it, ttyt, 0, . . . , 0); 



1 + ait 

a,(t) = (0,...,0), j=2,...,n-l. 
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It follows that the direction of the curve AexptX^i{0) at O in JF„ is 

V = (a2,...,a^,0,...,0;0,...,0;...;0). 

Prom 1. in Lemma [7. II the curve exptY(^a2,...,a^){0) at O in JF„ has the same 
direction v. Since Xj^i G Xq, it follows from property (b) in Lemma UTIl that 
^(02,. ..,a^) £ Xq. This proves the 1** step in the case where 0. Suppose 
now = 0. From the previous case, we have Y^a2,...,a^-i,e) ^ Xq for any 
e G C \ {0}. Since Xq is a vector subspace of M„(C), letting 5 — ^> we see 
that the step is true for = 0. □ 
step, pix 1/ with 2 < z/ < n. If Xj,i G Xq, then Xq contains all 
matrices of the form 

/ \ 





Z(ai,...,a^-T_) 





fliz-l 



V 




0/ 



Proof. It suffices to prove Z(^i^a2,...,a^-i) ^ ^0 for any a2,...,au G C. We 
consider 





/ 1 -a2 . . 
1 


. -ai, 






A = 




1 








V 


) 





We let 

a(t) := (ai(t); a2(t); . . . ; a„_i(t)) 

denote the point AexptXi,i{0) in JF„ in terms of the standard local coordi- 
nates at O. Then we have by fl7.4p 



(0,...,0,a,t,0,...,0), J = l,2,...,i/-l, 



where we set ai = 1 and ajt is located in the {v — j)-th slot. For v < j <n 
we have aj(t) = (0, ... ,0). It follows that the direction v of the analytic 
curve y4exptX;^i(0) at O in JF„ is 



v = (0,...,0,ai,0,...,0; ■■■ ; 0, . . . , 0, a,_i, 0, . . . , 0; 0, . . . , 0; ■ ■ ■ ; 0). 
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From 1. in Lemma [7.11 and (b) in Lemma [7.21 we have Z(^i^a2,...,a^-i) G ^o- ^ 
Let 1 < k < u < n and write X,yk ^ ^n(C) for the matrix whose (z/, k)- 
entry is 1 and whose other entries are all 0. By the and 2"*^ steps we 
have: 



X^i G Xq implies Xij G Xq, ^ < j < i < v- 



(7.1 



3^'^ step. Fix u with 2 < u < n. Assume that Xq contains a matrix of 
the form 



/ 

as 



V 



all (0) 



(7.9) 



0/ 



where the (" ^K" ^) entries (*) are complex numbers. Then Xq contains a 
matrix of the form 



/o 






J_ 

"0 

Vo 



all (0) 



(7.10) 



0/ 



where the (i^, l)-entry is 1 and the entries are complex numbers (i.e., Y* 
is a matrix of the same form as Y^, but with the entries 02 = ■ ■ ■ = du-i = 0). 
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Proof. We consider 
/ 1 



A 





-a2 
-as 



1 



eHo. 



\ 1 / 

Then the direction v of the curve AexptY^{0) at O is of the form 

V = (0, . . . , 0, 1, . . . , 0; 632, . . . 6„,2; . • • ; bnn-i) 

where bij, 2 < j < i < n are complex numbers. From 1. in Lemma [7.11 and 
(b) in Lemma [721 in dUin]) for (^) = {b,j) belongs to Xq. □ 
4*^* step. Fix u with 2 < z/ < n. If Xq contains at least one matrix 
Y; e MniC) of the form (jHO]), then X^i G Xq- 

Proo/. We set {-k) = (aij), 2<j<i<n — lmY*m f l7.10p . For a given 
sequence 

{M; e} : M2 > . . . > M^_i > 1 > £1 > . . . > 6n-u > 0, 
we consider the diagonal matrix 



/ 1 



Mo 



A = A(M;e) 



£1 



eHo. 



^n—v / 



(7.11) 
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By direct calculation, A exp tY* is equal to 



/ 1 






t 



M2 

Mgagst Ms all (0) 

o,u2i Ojv'i't ■ ■ ■ a^jj-it 1 



all (0) 



^n—u—l 

\ ^n~i/^n2^ ^n—uO'n3^ ' ' ' ' ' ' ^n—u^nn—lt ^n~u / 

up to terms of order 0{t^). We write 

V = (vi; V2; . . . : Vi,; . . . , : v„„i) 

for the direction of A exp tY;{0) at O. Using (El) we have vi = (0, . . . , 0, 1, 0, . . . , 0), 
where 1 is in the [v — l)-st slot. We also have 

ik/2 

Thus by taking 

M2 > M3,...,M,_i, > 

we can make V2 as close to the (n — 2)-row vector as we like. 
Similar results hold for Vj, j = 3, . . . , — 1; i.e., by taking 

> 0, 

we can make Vj as close to the (n — j)-row vector as we like. We have 
thus by taking 

1 > 5i, . . .,en-u > 0, 
we can make v^, as close to the (n — i^)-row vector as we like. We have 

£1 
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Thus by taking 

£1 ^ £2; • • • ; ^n-u > 0, 

we can make Vj^+i as close to the {n — u — l)-row vector as we hke. 

Similar results hold for \j, j = u + 2, . . . ,n — 1. For example, for v„__i, 
we have v„_i = — - — £:„_ya„„,_i, so that, by taking En^u-i ^ £n~u > we 
make v,„_i as close to the complex number as we like. 

Therefore by taking 

{M; e} : > . . . > M^-i > 1 > £i > . . . > e„_^ > 

and considering A = A(Wl] e) G Hq as in (17. lip , the direction v of A exp tY* (O) 
at O in J^n can be made as close to 

U:=(0,... ,0,1,0,. ..0;0,...,0; ■■■;0). 

as we like. Since U is the direction of exptX,yi{0) at t = 0, it follows from 
1. in Lemma [7.11 and (b) in Lemma [7.21 that X^i G Xq. □ 

As the integer m in Lemma [7.21 we take 

m := max [max {i : each (j, l)-entry of X with j > i is } ] . 

Since Hq^^ C Xq we have m > 2; on the other hand, from the 4*^ step, we 
have m < n — 1. 

S*'' step. The number m has the following properties: 

(i) {(^-^) G Af„(C) : X^eAUQ} + Ht^cXo; 

(ii) for any X G Xq, each (z, j)-entry with m + 1 < i < n; 1 < j < m is 0. 



Proof. By the 3^''^ and the 4*^ steps we have X^i G Xq; then (17.81) implies 
assertion (i). We shall prove (ii) by contradiction. Assume that there exists 
A = (ttij) G Xo with UiQjg 7^ for some m + 1 < iq < n; I < jo < va. Since 
1 < jo < Tn, it follows from (i) that Xj^i G Xq. Now Xq is a Lie subalgebra 
of M„(C); thus Xo contains the Lie bracket [A, X^p]. A calculation shows 
that the (io, l)-entry of [A, Xj^] is equal to ai^j^ ^ 0. Since iq > m, this 
contradicts the definition of m. □ 

Note that we only used the fact that Xq is closed under Lie brackets and 
the structure of Hq in the proof of Lemma 17.21 We set q = n — m > 1 and 
we consider = x C?. 
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6 step. We define 



(g) 



{Y, E M,(C) : UniY,) E Xo}. 



(7.12) 



Then X^q^ satisfies (1) in Lemma E2l i.e., X'^^ satisfies propeties (a) and (6) 
with n replaced by q. 

Proof. Property (a) with n replaced by q clearly holds. To prove (b), let 



Ag E H^o"^ n GL{q, C) and let Yg E Mg{C) satisfy 

rdAgeXptXg{Og). _ r (1 CX^ tYg{0 g) . 

^ dt J '* = ° " ^ dt J 



(7.13) 



To prove our claim that Yg E Xq , we first write 

V := (vi ; V2 ; ■ ■ ■ ; Vg_i) and = (vk+ik, ■ ■ ■ ,Vgk), I < k < q - 1, 

for the direction of the curve AqexptXq[Oq) at Og in JF^ in terms of the 
standard local coordinates t E C^. Here Q = If we set 



Y' :-- 



/O 

V21 
V31 V32 



2 



E Mg{C), 



\ Vql Vg2 ■■■ Vqq^l J 

then 1. in Lemma 17.11 with n replaced by q together with (17.131) implies 

r 

1 



Yg = Y' + B* for some B* E H^^l 



We next consider 



X:=uJn{Xg)EMn{C), A:-- 



Ira 








Aq 



so that X E Xq. By (17. 5p . the direction of the curve Aexp tX{0) at O in 
is 

U = (0„_i; ... ; 0„„^^; Vi; Va; ... ;Vg_i), 

where 0^ is the zero /c-row vector. It follows from 1. in Lemma [7.11 and (b) 
in Lemma POl that uJn{Y^) E Xq. Consequently, uJn{Yg) = uJn(Y^ + B*) = 
Y' + uJn{B*) E Xq, which is what we needed to show. □ 

7*^ step. Property (2) in Lemma [7.21 holds for xl^^ defined in (17.121) . 
Proof. Let X E Xq. By (ii) in the 5*'^ step, X is of the form 



X 





-^raq 





Xq . 



X^ E M^{C), X^g E M^^q{C), Xg E MgiC). 
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Since Xq is a vector subspace of M„(C), it follows from (i) in the 5 step 
that uJn{Xq) e Xo; thus G Xj,^^ and X e M^'"'") + so that Xq C 

M('"'") +cu„(x[,''^). The reverse inclusion follows from (i) of the 5*^ step and 



□ 



the definition of Xq . The 7*'^ step, and Lemma F7. 21 are proved. 

Proof of Theorem 17.11 It suffices to prove the theorem under the 
assumption that D contains the base point O in JF„. We consider the c- 
Robin function A (2) for D and define 



Xo := {X G M„(C) : [ 



g^A(exptX(0)) 

dm 



0}. 



We see from the assumption for D and Remark |6. II that -^q"^ £ ^0 £ ^n(C). 
Using 1. and 2. in Lemma for general homogeneous spaces we see that Xq 
satisfies properties (a) and (b) in Lemma 17.21 Using Lemma 17.21 inductively, 
we can find OK = (mi, ■ ■ ■ , m^) with 1 < yU < n such that Xq is the subset 
ifg^'* of M„(C) which consists of all matrices of the form 

/ 







\ 




(*) 


(*) 







(*) 














1 



\ 

where hmj G Mmj(C), j = and each (*) is an arbitrary element 

in the corresponding space Mmj^mfe(C) (here nij < nik). It follows that 
the integral manifold Eg of the Lie subalgebra Xq passing through O in 
GL{n, C), i.e., the connected Lie subgroup of GL{n, C) corresponding to Xq, 
is -f^o^'' n GL{n,C) and hence it is equal to the isotropy subgroup of 
GL{n, C) at the identity / for the generalized fiag space JF^. Thus, for the 
fiag space the space Mq := GL(n, C)/So, which was considered in the 
proof of Theorem 16.31 for general homogeneous spaces, coincides with the 
space JF^. Consequently, the projection ttq and the analytic set a d -D C M 
defined in 1 — 6. in Theorem 16.31 coincide with the projection ttot : AHq G 
J^n = AH^ G J^^ (where A G GL{n,C)) and the analytic set 

H^/Ho (^DcJ^n. Therefore, ir^iQ ^ 7r^-\0^) = H^/Ho ^ 115'= 1 -^m, 
for C G J-'^. Using 1 — b. in Theorem 16.31 there exists a Stein domain 
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-Do -^rf^ with smooth boundary such that D = tt^^Dq). Theorem 17.11 is 
completely proved. □ 
The following remark is from T. Ueda. Consider two generalized flag 
spaces and J?-jf in C", where Tl = (mi, . . . , m^), £, = (/i, . . . J^), fi > u, 
and 

/i = mi + ms + . . . + , . . . , = mj^_^+i + . . . + m^. 

We introduce the notation 971 ^ £ for this situation. Then we have the 
canonical projection 



where H'^ is the isotropy subgroup of G for at the base point O™. Thus, 
for each z G JFf , 



TT 



^) ^(z) ^ JF™^ X ... X jFj^" as complex manifolds. 



where Mk = (m^^+i, . . . , m^J, = 1, 2, . . . , z/. If 971 = (1, . . . , 1), i.e., = 
JF„, we simply write vr^ = vr^. 
We have the following result. 

Corollary 7.1. Let D be a pseudoconvex domain with smooth boundary in 
JF^ which is not Stein. Then there exists a unique £ such that 9Jt ^ £ and a 
Stein domain Dq in with smooth boundary such that D = {tt^)"^{Dq) = 
D. 

Proof. We assume that the base point of JF^ is contained in D. Define 
D := (7rgrrt)"^(-D) C JF„. Then D is a pseudoconvex domain with smooth 
boundary in JF„. We consider the c-Robin function \{z) for D and define 

9^A(exptX(0)) 

where O is the base point of .F„ and X is the Lie algebra consisting of all 
left-invariant holomorphic vector fields on JF^. Let S be the Lie subgroup 
of GL{n, C) which corresponds to Xq. Finally, let be the Lie subal- 
gebra corresponding to C GL{n,C). Since A = const, on the fiber 
{'^m)~^{0^), we have 0^ C Xq (we identify both sets as subsets of M„(C)). 
Hence C S(0). Fix ( & D and take a point z G ('/rgrn)~^(C)- Then 

A(C) := A(^) 

is well-defined and — A is a plurisubharmonic exhaustion function on D. Since 
D is not Stein, there exists (o & D and a direction a G \ {0} (here 
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= dim T^) such that [ — gt^t ] l*=o ~ Thus if we take zq G {T^m)^^{C,o)^ 
then [^^^^^-^] |t=o = where 7r2n(Co + a't) = 20 + at. If we take X G X 
such that [ "^""^^jf ^'^^ ] |f=o = a', then X G Xq \ 0^. It follows from the proof 
of Theorem 17.11 that there exists £ with OJt -< and a Stein domain Dq 
with smooth boundary in JF^ such that D = (7r£)~^(Z}o)- Since 971 ^ £, it 
follows from the definition of D that = tt^I/) o {'^m)~^\D is well-defined; 
TT^ : D 1-^ Do is surjective; and D = {'it^)~^{Dq), as claimed. □ 
T. Ueda has another proof of this corollary following ideas in the paper 
[1] (which is based on [T9]). 



8 Appendix A 



We discuss the three point property and the spanning property for projective 
space, Grassmannian manifolds, and flag spaces. Our first observation is 
elementary: 

1. Projective space M = F"^ with Lie transformation group G = GL{n,C) 
satisfies the three point property. 

On the other hand, we have: 

2. The Grassmannian manifold M = G{k,n) with Lie transformation group 
G = GL{n, C) and n > 4, n — 2 > k > 2 does not satisfy the three point 
property. 

Recall that M is the set of all /c-dimensional subspaces of C"; we use 
coordinates x = (xi, . . . , Xn)- Given z G M, we may write z as 



z : 



\Xn/ 



( 



an 



\otn\ 



\ 



a. 



nk j 



\Ck) 



I.e., 



X 



where C = (Ci? • • • ? Cfc) £ C^. Then g = {g-ij) G G acts on z as follows: 



X 



{g ■a)Xe M. 



We let O denote the point in M defined = 0. Then the 

isotopy subgroup Hq of G for the point O consists of all elements in G of the 



form 





* 





Bn-k 



where Ak and Bn-k are nonsingular square matrices of 



order k and n — k. 

We prove that (G, M) does not satisfy the three point property by con- 
tradiction. Thus we take the following three points: 



Zq = 0; Zi: Xk = Xk+2 



0; Z2 : Xk- 



Xk 



0. 



104 



Then we have 



and ZoD Z2 : x^-i = x^ 



0. 



Assuming the three point property holds, we can find g & Hq so that g{0) = 
O and g{zi) = z^. Since g is one-to-one, we have g{zi^ fl Z\) = g{zo) fl g{zi) = 
zq n Z2, which is {k — 2)-dimensional. On the other hand, g{zo fl zi) is {k — 1)- 
dimensional, since zqCi zi is {k — l)-dimensional and g is one-to-one. This is 
a contradiction. 

3. The Grassmannian manifold M = G{k,n) with Lie transformation group 
G = GL{n, C) satisfies the spanning property. 

For simplicity we set n = p + q, k = p; M = G{p + q,p) and G = 
GL{p + q,C). We set O : Xp+i = . . . = Xp+q = to be our base point of M. 
Then the isotropy sugroup Hq of G for O is 



Ap * 
O B, 



det Ap, det ^ 



To prove 3. it suffices to prove that M satisfies the spanning property for the 
point O and H^. We identify M as the space G/Hq of all cosets {gH^ : g G 
G}. Note that dimM = pq and dim Hq = (p + q)"^ ~PQ- As local coordinates 
in a neighborhood of O in M we can take 





' 


it) 





where (t) = (tij) is a g x p-matrix and the base point O corresponds to the 
identity matrix Ip+q. We identify T(t) with 



t — (^11,^12; • • • ; tip] . . . ; tqi, . . . , tgp) G C^'^ 



and we call these local coordinates the standard local coordinates at O. Let 
Mp+^(C) be the set of all {p + g)-square matrices X. 
Let X G Mp+q(C) satisfy condition 

W: hm^^^P^U^OGC- 
We decompose X = A -|- i? in Mp+g(C) where 









(a) 






B 
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(a) = (ttij) in A is a g X p-matrix and in i? is the q x p-zero matrix. Then 
we have exptX = expt{A + B) = {Ip+q + tA){Ip+q + tB) + 0{t'^). Let h E Hq 
and let |t| ^ 1. Since 

h{exptX){0) = h{exptX)Ho = h{Ip+q + tA)h-^[h{Ip+q + tB)Ho] + 0{f), 

it follows from h{Ip^y + tB)HQ G Hq that 

h{exptX){0) = h{Ip+q + tA)h~^{0) + 0{t^) as points in M. 

In particular, if we take h = Ipj^q G Hq, condition (*) for X implies that 
(a) ^ 0, i.e., there exists some a\i, ^ 0. We show that we can choose a finite 
number oi h E Hq with 





~ 




I., 



h{Ip+q + tA)h-^ 



where {h{t)) = {hij{t)) is a p x g-holomorphic matrix in \t\ -C 1 and the set 
of tangent vectors 



V[h] 



(8.21 



form pg-linearly independent vectors in C^''. Note that h{Ipj^q + tA)h"^ G Hq. 

We first show that we may assume an ^ 0. We have ax,y ^ for some 
1 < X < p; I < < q', thus we consider the following matrix hj/A E Hq: 

\ 



Here /* is the anti-diagonal identity matrix of degree v and the empty blocks 
are matrices. An elementary calculation yields 



where 



A{t) := Kx {Ip+q + tA) h,A"' 
/ axut axu-it ■ ■ 







axit 
ant 

ttqit 



axpt \ 
dipt 

Oiqpt / 
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Thus we see that if our claim were true for A(t), then it is also true for 
/p+g + tA. Hence we may assume an 7^ 0. 

We next show that we can select a finite number of h & Hq so that the 
tangent vectors V[h] in fl8.2l) span C^'' under the condition that an 7^ in 
Ip+q + tA. For let 1 < i < p and 1 < j < qhe fixed, and let ^ 1. Consider 



m 












n 









\ 



J 



where m is an i-square matrix and n is a j-square matrix with 



m 



1/K \ 



V 1 

A calculation gives 



n 



( 1 



where 



Dji{t) 



Kant Kaii-it 



Kttjit ajj-|_it 



K aiit Kaii^it 



\ Clqit Clgi-lt ■ ■ ■ Kaqlt dqi+lt 

Thus the tangent vector Vjj := y[hjj(A')] of the curve 



1 \ 



1 / 



Oijpt ^ 



Kaipt 



Oigpt j 



h,,(K) (/ + M)h,,(A')-^(0) 
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at O in K is 



"IP 



Kaii Kaii-i 



Ka 



ip 



\ a, 



qi 



''qi — 1 



Ka 



ql 



''qi+1 



J 



where occurs only in the (j, i)-entry. Thus if we take K ^ 1 sufficiently 



large, then an ^ implies that {vj^ e C^'' 



q} are 



linearly independent in C^^ (under the identification fl8.ll) ) and 3. is proved. 

4. The fiag space M = Tn for n > 3 with Lie transformation group G = 
GL{n, C) does not satisfy the spanning property. 

We use the notation from section 7: O : {0} C C C . . . C 
(the base point of Hq (the isotropy subgroup of G for the point O); t = 
(^21, • • • ,tni;^32, • • ■,tn2; ■ ■ • ; ^nn-i) £ C"^""^)/^ where n{n - l)/2 = dimj^„ 
(the standard coordinates of a neighborhood of O). To show that JF„ does 
not satisfy the spanning property, we take zq = O & J-'n and X = X21 G 
X = M„(C) such that the (2, l)-entry is 1 and all other entries are 0. A 
calculation gives, for t G C, 



exp tX{0) : {0} C Fi(t) C F2{t) C ■ ■ ■ C F„_i(t) C C", 



where 



Flit) : Z2 = tzi, Z3 
m : 



0; 



.. = 2^ = 0, j = 2,...,n-l. 

Fix h G Hq. Since h{F^) = F^, i = 1, . . . , n - 1, it follows that 

hexptX{0) : {0} C Fi(t) C C . . . C C C", 

where Fi{t) is a holomorphic function (depending on h) in |t| ^ 1. Using 
(17.41) . this point hexptX{0) may be written, in terms of the standard local 
coordinates t, as 

(/2i(t),...,/„,i(t);0,...,0;...;0), 
where fji{t), j = 2, . . . ,n, are holomorphic functions in |t| ^ 1. Therefore, 

^ at ^ 

contains at most n — 1 linearly independent vectors in C"("-^)/^ so that J-'n 
does not satisfy the spanning property. 
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9 Appendix B 



In this appendix, we complete the proof of Theorem 16.41 First we recall our 
notation. We write H'^^ for the connected component of Hz^ in G containing 
the identity element e. We defined the homogeneous space M' := G/H'^^ 
with Lie transformation group G. We write Wq for the point in M' which 
corresponds to H'^^ in G/H'^^, so that the isotropy subgroup H^^^ of G for 
Wq is equal to H'^^. Since if^^ is a closed normal subgroup of iJ^g, we can 
consider the canonical projection vf : w; = gH^^ G M' z = gHz^ G M, so 
that (M',7f) is a normal covering space over M. We defined D = 7r^^{D) = 
WjLiDj C M'. Since zq G D, we have wq G 7i~^{D). We then focused on 
Di, the connected component of 7r~^(D) containing wq. We defined X{w) := 
X{7r{w)) for w G -Di, which is a smooth plurisubharmonic exhaustion function 
on Di. 

We begin with the following. 

Lemma 9.1. Let D ^ M he a domain with piecewise smooth boundary in 
M and let V be a neighborhood of e in G. Then there exist a finite number 
of balls V^^\ i = 1,2, . . . , N centered at some point Zi E D such that 

(1) D(B (E V{D) where V{D) = {g{z) e M : g e V, z eD}; 

(2) 7r~i(rW) = U^i^i^^ {disjoint union) m M' andrr : uj!^ V'-'^ is 
bijective; 

(3) there exists a holomorphic section a^'' : w G f/^*'' a^\w) of G over 
U^'^ via ipuiQ such that af'\w'){(jf\w"))~^ G V for any w', w" G ul''\ 
k = 1, . . . , N and i = 1,2, . . .. 

Proof. From the Borel-Lebesgue theorem it suffices to verify the following. 
Fix 2 G M and a neighborhood V of e in G. We show that there exists a 
neighborhood y of 2; in M satisfying 

(1) TT^^iy) = UfcLi (disjoint union) in M' and tt : Uk V is bijective; 

(2) there exists a holomorphic section at : w & Uk o'kiw) of G over Uk via 
tpwg such that (Jfc(w') {ak{w"))~^ G V for any w', w" G Uk, k = 1,2, . . .. 

To prove this, we first take g E G with g{zQ) = z. Let Vq be the 
neighborhood of e in G stated in Proposition 16.41 Let V C M, Uk C 
M', k = 1,2, ... ,Wk = ghkiwo) (the center of Uk) as in fl6.32p and 06.311) . 
where n~^{z) = {wk}k=i,2,...- We also want to insure that vq also satisfies 
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{gvQ){gvQ)~^ C V. There exists a neighborhood Vq of in M and a holomor- 
phic section ao : ( E Vq c"o(C) of G over Vq via V'zo such that (To^Zq) = e 
and o"o(Vo) C vq. By redefining vq ■= vq fl 7r~^(Vo), we may assume that 
^^20(^0) = Vo, so t hat q-o (Vo) C vq C aoiVo)!!'^^, and hence vqH'^^ = ao(yo)H'^^. 
In this situation, f l6.32p imphes that V = go'o(yo){zo) = giVo), and hence we 
have a bijection between V and Vq defined by ( E Vq ^ = g{Q E V . Then 

a: ^eV^ gaoiC) = gM9~\0) ^ G, (9.1) 

is a holomorphic section of G over V via ■j/'zo with a{z) = g<TQ{zQ) = g and 
criy) = gaQ{Vo). It follows that 

Uk = gvoH'^^hkiwo) = gaQ{Vo)H'^^hk{wo) = a{V)H'^^hkiwo) 

= a{V)hkH'Jwo) = ao{V)hkiwo), for A; = 1, 2, . . . , (9.2) 

and hence we have a bijection between V and Uk defined hj ( E V ^ w = 
(^iOhkiwo) G Uk with Wk = a{z)hk{wo) = ghk{wo). Thus 

(Tfc : w eUk^ o-(0^fc G 

is a holomorphic section of G over Uk via ^/'lug with ak{wk) = ghk- Since 
cro(l^) C Vq, it follows from flgTT]) that for ty', u;" G Uk there exist G V 

and C', C" e with 

a,(ti;')a,(^")-^ = (a(r)/^fe)(^(r')/ife)^' = <e)<n 

= gMOigMOr' e igvo)igvor' c V, 

as required. □ 
With the decomposition of D into its connected components D = U^iDj, 

where Di is the connected component containing wq, and D'{zq), D^^\zq) in 
06.41) are the connected components of D{zq) in G, we set h^^^ G 7i^^^(zo) C 
D^'^\zq), k = 2,3,... as in equation fl6.7p for z = zq, so that D'^^\zq) = 
D' {zo)h^''\ We next show that, after possibly relabeling indices, 

Dk = {g{wo) eM':ge D'^''\zo)}, A; = 1, 2, ... . (9.3) 

To prove this, fix k and the set ^(''^(^o)- Then h^''\wo) G 7r~^{zo) C 7f~^(D) 
and there exists a unique connected component of ^~^(D) = Yl'jLi Dj which 
contains h^'^^ {wq). We call this component Dk and we shall first prove equality 
of the two sides of (19. 3p for this k. 

We let Ek denote the right-hand-side of (19. 3p . Using (16. 7p . we can write 

Ek = D'izo) h'^'\wo) = {g'h^'\wo) G M' : g' G D\zo)}. 
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This is a connected set in M' which contains h.^'^\wQ) and satisfies T^{Ek) C D 
since H^'^^Wq) = zq. Hence Ef^ C D^. To prove the reverse inclusion we set 
Wk = h.^''\wo) G Dk and let w G Dk- We take a continuous curve 7 : t G 
[0, 1] w{t) in Dk with w;(0) = Wk and = u;. Then 7r(7) : t G [0, 1] ^ 
2;(t) := 7r(w{t)) is a continuous curve in D with 2;(0) = h^''\zo) = zq. Using 
property 2. of complex homogeneous spaces from the beginning of section 6, 
we can find a continuous section a : t G [0, 1] — > a{t) in D'{zq) over 71(7) via 
V'zo^ i-e-, cr(i)(2o) = t G [0, 1], with cr(0) = e. We set 5(9 := a{l) G /^'(^o)- 
We consider the continuous curve ah^'^^Wo) : t G [0, 1] — a(t)h^''\wo) in M'. 
Then 71(7) = 7r(cr(u7o)) C -D. The two curves 7 and ah^''\wo) in M' start at 
the same point Wk = h^''\wo) E Di. It follows that 7 = ah.^''\wo) as curves 
in M', and hence w = w{l) = a{l)h^^\wo) = goh^^^Wo). Thus C -Efc- 

To finish the proof of (19. 3p it remains to show that the sets {-Efc}fc=i,2,... 
exhaust each set Di. If not, by the previous argument, there exists a set 
Di which is not equal to any of the sets E^, k = 1,2, . . .. From (16.61) we 
have U|li7Yfc(zo) = -f^^o- Since Hk{zo) C D'^'^^zq), we have {Hk{zQ)){wo) C 
Ek = Dk- Take a point w* G ti~^{zq) fl Di. Then there exists h* G -ffxQ with 
w* = h*{wo). Since /i* G 'Hki.zo) for some fc, we have h*{wo) G -D^- Thus 
h*{wo) G -Dfc n -D; = 0, a contradiction. This proves (19. 3p . 

Since Di is a domain in M' which contains wq, as with our discussion of 
D{zo) we will consider the set: 

Di{wo) ■={geG : g{wo) G Di} C G. 

We have the following equalities: 

Di = {g{wo) eM':ge D'izo)}; D\z^) = D,{wo). (9.4) 

The first equality is the case k = I'm. (19. 3p . The inclusion D'{zq) C Di{wo) in 
the second equality follows from the first equality. To prove Di{wo) C D'{zo), 
fix g E G with g{wo) G Di. Take a continuous curve 7 : t G [0, 1] ^ w{t) G 
Di with w{0) = Wq and w(l) = g{wo). Since C M' = G/H^g, we can 
find a continuous section a : t E [0, 1] — a(t) in G over 7 via ■i/'^g with 
(t(0) = e. Thus a(t)(wo) = w{t), t G [0,1]. We set gi := (t(1) G G. Since 
fi'i(w^o) = g{wo), there exists G iJ^o ^^'^ that (7 = gfi/i. Since = H'^ 
is connected in G, we can find a continuous curve r : t E [1,2] ^ r(t) in 
such that r(l) = e and r(2) = /i. Then (jfir : t G [1,2] — giT(t) is a 
continuous curve in G starting at gi at t = 1 and satisfying gir(t){wo) = 
gi{wo) = g{wo) e Di, t e [1,2] (since r(t) G if^g and r(t)(wo) = wq). We 
form the continuous curve F : t G [0, 2] — F(t) in G via the concatenation 

r{t) := a{t), t G [0, 1]; and T{t) := girit), t G [1, 2]. 
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This curve F starts at r(0) = e and terminates at r(2) = giT{2) = g. One 
can check that T{t){wo) G -Di, t G [0,2], so that T{t){zo) e D, t e [0,2]. 
Since r(0) = e G D'{zo), we have T{t) G D'{zo), t G [0,2]. In particular, 
g G D'{zq), which verifies the inclusion Di{wq) C D\zq) and hence the 
second equality in (19.41) . 

Using (16.51) we set 

H'{zq) = D'{zq) n = Ujlo^i-^«'o (disjoint union), 
where h\ = e and h'j G H^q fl D'{zo),j = 2, 3, . . .. Thus, by (19.41) we have 

7r~'^{zo) nDi = {wo, h'^iwo), h'^iwo), ...}=. {wq, w^q\w^q\ . . .}, (9.5) 

and these points are distinct. Moreover, ii z G D, w E n^^{z) fl Di and 
g G D'{zo) with g{wo) = u; in M', then 

7f-i(2) n5i = {giwo),giwi^^),giw^^^),...}. (9.6) 

We first verify that the right-hand side is contained in the left-hand side. 
Take any element g{wQ^) = gh'-iwo) in the right-hand side. Then we have 

9{g{w^^'')) = ghj{zo) = g{zo) = 7f{g{wo)) = 7r{w) = z. Since g G D'{zo) 
and h'j G D'{zo) fl Hzq, we see from 2. in Proposition 16. II that gh'j G D'{zo). 

Using (19.41) we have g{wQ^) = gh'j{wo) G Di, which proves this inclusion. To 
prove the reverse inclusion, let w' E Di f] 7v^'^{z). Using (19. 4p we can find 
g' G D'{zo) with g'{wo) = w'. Taking vr we have g'{zo) = z = g{zo) in M, 
so that there exists an /i G with g' = gh. From 3. in Proposition 16.11 
we have h G D'{zo) fl Hz- We thus have h G h'jHwg for some j, and hence 
w' = gh{wo) = gh'j{wo) = g{wQ^), as claimed. 

Let E he a. domain with piecewise smooth boundary in M which contains 
D. We write E'{zo) for the connected component of E{zq) containing e in 
G. If E'{zo) n H,,^ = D'{zo) n H^^, = H'^zq), then we say that E and D 
have the same isotropy class at zq. As for Di, we write Ei for the connected 
component of 7f~^(£') containing wq in M' . 

Let £' be a domain containing D with the same isotropy class as D at zq. 
Fix z E E and let V be a neighborhood of e in G. Choose g G E'{zo) with 
g{zo) = z. We can find a neighborhood ^ of ^ in which satisfies (1) and (2) 
in the proof of Lemma [9. II For simplicity, if hk G H^g is contained in T-C'{zq), 
say /ifc = h'j, then we write f/j = cr(V^)/i^(wo) for the set Uk = a(y)hk{wo) = 
g<7oiVo)hk{wo) in (19. 2p . Since gh'j G -E'(-2o) by 2. in Proposition EUl it follows 
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from fl9.4|] that the center gh'^iyoo) of f/j is contained in Ei. This together 
with V d E imphes that t/j C -Ei fl n^'^iy). Moreover we show 

n-\V) nE, = {U[ = Ui, U^, U!„ . . .}. (9.7) 

It remains to prove that the left-hand side is contained in the right-hand 
side. Let w' G 7i~^{V) fl Ei. We can find z' G Vq and hk G Hzg with w' = 
gcro{z')hk{wo). Take a continuous curve 7 : t G [0, 1] — ^ f{t) in cro(Vb) such 
that /(O) = ao(^') and /(I) =^e. Jhen 7 : t g [0, 1] 7^ := is 
a continuous curve in M' with 7f(7(t)) G 5'0"o(Vo)(2;o) = 9{Vo) = V C E. Since 
7(0) (if 0) = gao{z')hk{wo) = w' E Ei, it follows that •y C Ei. In particular, 
we have 7(1) = ghk{wo) G Ei, so that ghk G £'i(il'o) = E'{zo) by (19.41) . Since 
g G £"(2:0), this implies that hk G H'^zq) by 3. in Proposition EUl Thus (19. 7p 
is proved. 

We prove the following. 

Lemma 9.2. Let D E <m M and zq G D. Let t G [0, 1] D{t) M he 
a one-parameter family of domains D{t) satisfying D C D{t) C E] -D(O) = 
D] -D(l) = E; and each boundary dD(t) is piecewise smooth in M with 
dD{t) varying continuously with t G [0, 1]. Then 

(i) D and E have the same isotropy class at zq; 

(ii) Di = E^n n-\D) m M' ; 

(ill) D'{zo) = E'{zo) n D{zo) m G. 

Proof. Let D d M be a domain with piecewise smooth boundary dD. Let 
zq G D. Fix z G dD. We choose a neighborhood V = g{Vo) of z in M as 
constructed in the proof of Lemma 19.11 and we set E := D U V G M. To 
prove Lemma [9.21 it suffices to verify (i), (ii) and (iii) for such D and E. To 
prove (i), i. e., 

E'{zo)nH,, = D'{zo)nH,,, (9.8) 

we consider Di := 7f~^{D) f] Ei C M' . Thus, if 5^ G G with g{wo) G -Di, then 
g{zo) G D. Using (16.331) . we have 

E,n7r-\V)= [jT=iUk„ 

where the disjoint union {Uk }j is a subsequence of {Uk}k in (I6.33p . To verify 
(TO it suffices to show that E'(zo) n C D\zq). Fix h G E\zq) n H^. To 
show that h G D'{zq)., fix a continuous curve r : t G [0, 1] ^ r(t) in E'{zq) 
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with r(0) = e and r(l) = h. Using fl9.4p for the set the curve 7 := t{wq) 
defined by t G [0,1] — ^ w{t) := r(t)(wo) is a continuous curve in Ei with 
u'(O) = Wo and if (1) = h{wo). We can take a partition = ti < t2 < • • • < 
hfi-i < = 1 of [0, 1] such that 

( W{t) e Di on [t2i-l,t2i], 2 = 1,. 

\ tf;(t) G f/fc^^ on [t2j,i2i+i], i = 1, • • • , /i - 1, 

where each set f/^^.^ is one of the sets in the disjoint union {Ukj}j=i,2,...- 
For simphcity in notation we write Jj := [^215^21+1] and f/j := Ukj, for 
i = 1, . . . ,yU. — 1. For i = 1, . . . , /i — 1, if we set : t E li ^ w(t), 
then is a continuous curve in f/j with u'(t2i), w^(^2j+i) G -Di- For each i, 
we will construct a continuous curve T2i '■ t & h ^ T2i{t) in G such that 
r2i(t)(iyo) e Di in M' and r2i(t2i) = ^(^2^), 7^21(^1) = r(t2i+i)._ 

We first consider a continuous curve ^2i '■ i & h w{t) in Z^i fl Ui with 
w(t2i) = w(t2i), w(t2i+i) = w{t2i+i). From the proof of Lemma [^TTl there 
is a holomorphic section ai : w E Ui ^ cniw) of G over Ui via ■i/'^q, i.e., 
crj(w)(wo) = w, w E Ui. Thus, for t G Jj, o"j(w(t))(wo) = = r(t)(wo) 
in M'. Hence we can find a continuous curve t G /j — > in iJ^^ with 
r(t) = ai{w{t))h{t), t E li. Next we consider the continuous curve 

T2i-teli^ T2i{t) := ai{w{t))h{t) 

in G. Then we have T2i(t){wo) = ai{w(t)){wo) = w{t) G -Di, and 

r2i(t2i) = (yi{w{t2i))h{t2i) = Cri{w{t2i))h{t2i) = T{t2i); 

similarly r2i(^2j+i) = T(t2i+i)- Thus T2i satisfies the desired properties. 

Now for i = 1, . . . , /i, let T2i-i denote the restriction of r to the subinterval 
[^2i-i,^2i]- Consider the concatenized curve 

T := Ti + 72 + Ts H h T2^-2 + ^"2^-1 

in G. Clearly T is continuous on [0, 1] and T(t){wo) G -Di. Hence T{t){zo) G 
D, t E [0,1]. Since T(0) = e, it follows from the definition of D'{zo) that 
T(t) G D'(2o)- In particular, h = r(l) = T(l) G D'(2;o), which proves (i). 

To prove (ii), note first that it is clear that the left- hand- side is contained 
in the right-hand-side. To prove the reverse inclusion, let w G n^^{D) fl Ei, 
so that z := tt{w) G D, and take g G E'{zq) = Ei{wo) with g{wo) = w. Thus 
7r{g{wo)) = 7i{w); i.e., we have ^'(^o) = z in M. Using 1. in Proposition 
16.11 we can find g' G D'{zo) such that g'{zo) = z. Thus there exists h G 
with g = g'h in G. Since g G E'{zq) and g' G -D'(-2o) C E'{zq), we apply 
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3. in Proposition 16.11 to obtain h G E'{zq) fl so that h G D'{zq) H H^q 
by (i). It follows from 2. in Proposition 16.11 that g = g'h G D'{zq). Hence 
w = g{wo) G Di by (19. 4p . which proves the reverse inclusion in (ii). 

For (iii), again, that the left-hand-side is contained in the right-hand-side 
is clear. To prove the reverse inclusion, let g G E'{zq) fl D{zq). By (19.41) we 
have w := g{wo) G Ei. We set z := g^zo) G D. Since tt{w) = g{zQ) = z, it 
follows that w E EiH n~^{z), so that w; G -Di by (ii). Again using (19. 4p we 
can find g' G D'{zo) such that w = g'{wQ), and hence there exists h G H'^^ 
with g = g'h. Therefore, 2. in Proposition 16. II implies that g G D'{zq), which 
proves the reverse inclusion in (iii). □ 

For the proof of Theorem 16.41 we next study the subset TizgH^Zo) of G 
defined in (I6.37p . 

Lemma 9.3. 

1. If he n'{zo), then h'^E.^h = S^,^. 

2. The set T.zo'H'lzo) is a Lie subgroup of G such that 

(i) is a normal Lie subgroup of Tjzq'H'{zq); 

(ii) j:,,n'{zo) = n'{zo)j:,, and D'{z^)i:,,n'{z^) = d'{zo); 

(Hi) using the notation h'j,j = 1,2, . . . in Ii6.5\) . we have 

s.o^'(^o)= ur=i^-s^o= ur=iS^o/^; 

and these are disjoint unions; 

(iv) HzoTi-'lzo) = D'{zq) n AutazQ, which acts transitively on a^^; and 
is isomorphic to Tjzq'H'{zq)/1-L'{zq) (as complex manifolds). 

3. If Uzo is closed in M, then 'Lzq'H'{zq) is a closed Lie subgroup of G. 

Proof. We prove 1. and 2. in the lemma in steps (1) ~ (6). 

(1) Each of'Lzo'H'{zo) and T-l'{zo)T,zo are contained in D'{zq). 

To see this, let s G and h G H'{zo). To prove that sh G D'{zo) we 
take a continuous curve 7 : t G [0, 1] — ^ s{t) in S^q with s(0) = e and s(l) = s 
(note that S^^ is connected and contains e). Then 7 : t G [0, 1] ^ ■y{t) = 
s{t)h is a continuous curve in G. We have 

7(t)(zo) = s{t)h{zo) = s{t){zo) G S,„(2;o) = t^.o ^ ^, [0, !]• 

Since 7(0) = h e H'{zo) C D'{zo), it follows that 7(2:0) C D'{zo). Hence 
sh = 7(1) G D'{zo), so that S^„H'(^o) C D'{zo). 
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To verify the inclusion 7i'(zo)Szo C D'{zo), let h G 7Y'(zo) and s G S^^,. 
We take the same continuous curve 7:^6 [0, 1] — > s(t) in S^^, with s(0) = e 
and s(l) = s; then 7 : t G [0, 1] — * 7(t) = is a continuous curve in 

G.We then have 

7(t)(2;o) = /is(t)(2;o) e /^^.o ^ ^ ^ [0, 1]. 

The last equality comes from h G D'{zo) and formula (16.171) . Since 7(0) = 
h G D'{zo), we have hs = 7(1) G D'(2;o)- Thus (1) is proved. 

(2) If h E T-C'{zq), then h^^Hz^h = S^^. In particular, T-l'{zo)T,zo = 

^z^n'izo). 

Let S' := h~^T,zah. Then and S' are Lie subgroups of G of the same 
dimension. Since H'^^ is normal in H^g, S' and S^^, each contain if^^^, which 
is of dimension niQ. We write 

for the Lie algebras of HL and E'. Thus 

= { nr=i exptiXi eG:ueZ+, G C, G X' }. 

To verify (2), it suffices to prove that X' C X^^, or equivalently, 

Xj G X^g, j = mo + 1, . . . , mo + mi. 

Fixing such a j, we consider the one- dimensional curve C := {exptXj{zo) G 
M : t G C} in M. Since exptX^ G S' and h^^ G ^(-Zq') C /^'(^o), we have 

C C S'(2o) = h-'j:,,h{zo) = h-'j:,,{zo) = h-'a,, ^ D. 

It follows that A = const. = X{zq) on C, and hence Xj G X^^ from the 
definition of X^o- This proves (2). 

(3) D'{zo)J:.,n'{zo)=D'{zo). 

The inclusion D'{zo) C -D'(2;o)S2q7Y'(2o) is clear; we prove the reverse 
inclusion. Let g G D'{zo),s G G H'{zo). Since E^^ is connected and 

contains e and s, we can find a continuous curve / : t G [0, 1] — * /(t) := gs(t) in 
G with s{t) G S^o, t G [0, 1]; /(O) = c/ and 1(1) = gs. Since /(O) = ^ G /^'(^o), 
we have / C D'{zo), and hence gs = /(I) G ^'(^o)- Since h G 'H\zq) = 
D'{zo) n it follows from 2. in Proposition 16.11 that gsh G D'(zo), as 
required. 

(4) We have 2. (in) in the lemma. 
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From fl6.5l) we have 



s,„H'(^o) = s,, ur=i 

= [JT=ih',^^oK (by (2)) 

= [JT=i h'j^zo (since H'^^ C S^J. 

To prove that this is a disjoint union, assume that h'j'Ezo H h'^Jl^o 7^ 0- Then 
/i^Sj = h'f^Sk for some G S^^. If we define a := {h'^)~^h'j = Sk{sj)~^, 

then a G H'^zq) fl E^g, since both H'{zo) and are subgroups in G. It 

follows that /ijSzo = ^fcC^S^o ^ ^fc^2o' ^'^'^ hence /i^Szo = ^fc^zo' (4) is 
proved. 

(5) r/ie set Szq7Y'(2;o) is a Lie subgroup of G, and S^^ is a normal Lie 
subgroup ofE^^T-C'lzo) . 

By (4) the set S2o7i'(zo) is a disjoint union of (mo + mi)-dimensional 
nonsingular /-generalized analytic sets which are equivalent to S^^. Thus 
we need only verify that E^g?i'(2;o) is a subgroup of G. Since e G T,;,^^^-C'{zo), 
it suffices to prove that for any Si,S2 G and /ii,/i2 G TC'{zq), we have 
X := {sihi){s2h2)~^ G ^^^^'(^o). To see this, 

(since TC'{zo) is a group) 

(by (2)) 

(since is a group), 

so that S^(j7Y'(2:o) is a Lie subgroup of G. This with (2) implies that is a 
normal Lie subgroup of T^zgH'^zo). 

(6) We have 2. (iv) in the lemma. 

For the first equality in (iv) it suffices to show that 

^zo'H'izo) = D'{zq) n Auta;,^. 

Let g = sh E Ez^n'{zo). Then ga,^ = sha^^ = shEz^{zo) = sEz^h{zo) = 
^zoi^o) = azQ- This together with (3) proves T.zq'H'^zo) =C D'^zq) fl Autaz^. 
For the reverse inclusion, let g G D'{zo) with gaz^ = cr^g. Then g{zo) = s{zo) 
for some s G S^^, so that g = sh for some h G -ff^g. Since (?, s G D'{zo), we 
have /i G H'^Zq) by 3. in Proposition 16. 1[ Hence g G S2g?i'(2;o), as claimed. 
To prove the transitivity of S^Q?i'(2;o) on az^, let ( E azg] there exists s G S;^^ 
with C = 5(2:0). Since cr^g C -D, we have g G -D'(zo) with g{zo) = hence we 
can find h G Hz^ with (7 = s/i; again, this implies h G T-C'{zo). 



X = Sihih2 S2 
G Tjzo'H' {zq)11zo 

C S2gS2g?i'(20) 
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Finally to show T,zoH'{zo)/T-C'{zq) ^ a^^, it suffices to prove that the 
isotropy subgroup {g E E^^n'{zo) : g{zo) = zq} of E^^H'izo) for zq G is 
equal to H'{zo). This follows from the definition H'{zo) = fl D'{zo) and 
(3). 

This completes the proofs of (1) ~ (6), and hence 1. and 2. in the 
lemma are proved. To prove 3. we assume that cx^ is closed in M. Let 
Snhn G T,zH'{z), n = 1,2, . . ., and take g E G with Snhn — as n — > oo. 
Since Snhn{z) = Sn{z) G ^z{z) = az D, and since is assumed to be 
closed in G, the limit g{z) = lim„^oo ■s„/i„(2) is contained in a^. Here, if 
necessary, we take a subsequence of {snhn{z)}n- Thus there exists s* G 
with g{z) = s*{z). By definition of the isotropy subgroup Hz, there exsists 
h* G Hz such that g = s*h*. Since g{z) G D, we have g ^ d[D{z)]. On the 
other hand, by (1) we have s„,/i„ G D'{z), so that G -D'(-2) U9[Z?'(2;)]. Using 
C d[D{z)], we have ^ G -D'(2;). Moreover, we have s* G C -D'(^)- 
Applying 3. in Proposition 6.1 to g = s*h*, we have h* G Ti^z). Hence 
g G 'Lz'H'{z), and 3. in the lemma is proved. □ 

From 2. (ii) in Lemma [9.31 we can show that the union stated in (16.171) : 

D = UgGD is a disjoint union. (9.9) 

To see this, take Si,S2 G T,zo with 5'iSi(2;o) = 5'2'S2(^o)- Then we can find 
h G -ffzQ with = g2S2h. From 2. (ii) in Lemma EH] we have giSi,g2S2 G 
D'{zo)', then from 3. in Proposition 16.11 we have h G T-C'{zo). Next, from 1. 
in Lemma 19731 we have giSi = g2hs2 for some G S^^. Since is a group, 
it follows from 1. in Lemma [9.31 that 

giCTzo = gi^zoizo) = giSiT^zoizo) = g2hs2^zo{zo) 

= g2hT.zoizo) = g2T.zoh{zo) = g2T.za{zo) = 92(Tzo, 

as claimed. 

Recall the notation X{w) and in (I6.34p and (16.351) : 

X{w) = \(tt{w)), w G Di, 

^-0 = { nr=i exp UXieG-.ue Z+, ti G C, G X^, }. 
Lemma 9.4. With the above notation, 

(1) XuiQ = XzQ and hence S^j, = S^g/ 

(2) = {X G X : exptX(w;o) G 5i, A(exp tX(u;o)) = A(u;o), t e C}. 
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Proof. If \t\ <ti 1, then exptX^wo) G Di and exptX{zo) G D. From the 
definition of A and vr and (16.301) . we have X{exp tX (wq)) = X{exp tX (zq)) . 
Thus (1) follows from the definition of the sets X^^ and X^o- We write 
for the right-hand side of (2). Let X G X^^. By (1) we have X G X^^, so 
that, in particular, X satisfies condition i. in the definition of in fl6.11l) . 
It follows from the definitions of Di and A that X G X^^, so 
The reverse inclusion is clear, and (2) is proved. □ 
Using standard arguments this lemma implies the following results. From 
(1) in Lemma [931 is a Lie subalgebra of X with H^u^ = H'^^ C X^^ = Xu;^. 
Now we let Pi^^ denote the Lie subalgebra of X which corresponds to the 
closed Lie subgroup if^^ of G. Note that dimf)^(, = mo = dimi^^^, and 
let dimX^Q = mg + mi = dimX^^. Recall we used the notation for 
the connected Lie subgroup of G which corresponds to X^^, even though 
this is the same as S^g. From the Frobenius theorem, is an irreducible, 
(mo + mi)-dimensional non-singular /-generalized analytic set in G. Define 

?u,o '■= '^wo^wo) = ^wo{wq) = {g{wo) G M' : g e S^J C M'. (9.10) 

Since if^^ is a closed connected Lie subgroup of G, it follows from the in- 
clusion Hyj^ C that a^o is an irreducible, mi-dimensional non-singular 
/-generalized analytic set in M' passing through wq. Now to each tuple 

{G; M = G/Hz,; D M; Zo e D; X,, C X; S,., C D{zo) C G; a,, ^ D} 

from Theorem 16.31 where H^q is connected in G (so that C S^g) we assign 
a corresponding tuple 

{G; M' = G/H^,- Di C M'; Wo G Di, X^„ C X; C D\zo) C G; C Di} 

from Theorem 16.41 where H^ig is connected in G (so that if^g C S^^). Note 
that, in general, Di. Then by the same argument used to obtain the 

foliations of M and D in (16.211) . we obtain the following foliations of M' and 

^' = yjg&Gd^wa and 5i = U^g^,(^^)^a^,, (9.11) 

despite the fact that Di is not necessarily relatively compact in M' . There- 
fore, given w G M'(Di), we have a unique leaf ga^^ C M' [Di) which passes 
through w,. Here g G G{D\zq)) is uniquely determined up to H^^. i.e., if 
another leaf g'^WQ passes through then g' = gh for some h G H'{zq) = iJ^g. 

With these preliminaries, we commence with the following lemma related 
to the representation of D and dD in (16.171) : D = IJggD'(z(,) 5"^^o and = 
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Lemma 9.5. 

1. The set in M is an mi- dimensional non-singular f -generalized an- 
alytic set in M with a^^ <e D . 

2. The union UgeZ)'(2o) 5"^-2o ^■^ a foliation. 

Proof. We verified that ct^q d D in (16.171) . Since 1. follows from 2., we 
prove 2. First we verify the following elementary equality: 

for any g G D'{zq), Tx~^{g(7z^,) r\Di= UfcLi fi'^fc^^^o- (9-12) 

Indeed, letting h'^ G H'{zo), we have /i^Si„o = h'f^'^^o C D'{zo) = Di{wo) 
from 2 (ii). in Lemma [9731 so that /I'^a^o = /i'^.S^(j(u7o) C Di. Using 1. in 
Lemma 19.31 we obtain 

^{gh'k^wo) = t^{9K^wo{wq)) = gh'i^Ezoizo) = g^zoKi^o) = 9(^zo- 

This proves that UfcLi ^ ^"^(fi"^2o) ^ -^i- Conversely, let w' G 

n^^{go-ZQ) n Di. Using (19. 4p we can find g' G D'{zo) with g'{wo) = w'. 
We thus have g'^z^) = n{g'{iVQ)) = 7r{w') G gaz^ = gT,zo{zo); hence we can 
find s G Tjzo cind h G Hzg with g' = gsh in G. From 2. (ii) in Lemma [9.31 
gs and g' are contained in ^'(^o)- It follows from 3. in Propositon 16.11 that 
h G 1-L\zq)] hence there exists h'j^ with h G h'/^Hm^. Using 1. in Lemma [931 
we have 

w' = gsh{wo) G gl^zohiwo) = 9^zoKi'^o) = dK^zoi^o) = gKa^,^, 

proving the reverse inclusion. 

Finally, we note that vr : M — M' is a normal covering and Di = 
Ug6r>'(2o) 9^wo is a foliation of leaves of mi-dimensional nonsingular general- 
ized analytic sets ga^^^. It follows from formula (I9.12p that D = IJge-D'(2o) S'^-^o 
is a foliation of leaves of mi-dimensional non-singular /-generalized analytic 
sets gazg] hence Lemma [9751 is proved. □ 

We construct a domain K as in 2 — a (i) of Theorem 16.41 in the following 
lemma. 

Lemma 9.6. Let D ^ M and fix zq E D as above. Let E he a domain with 
smooth boundary in M such that D ^ E (Z M and D and E are of the same 
isotropy class at zq in D (such E exist by Lemma \9.2^) . Then there exists a 
domain K in M with D (£ K G E such that K is foliated by mi- dimensional 
non-singular f -generalized analytic sets gcTz^ in M : 

K= UgGK'(2o) ^^^0 with ga,o<£K. (9.13) 
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Proof. Fix a neighborhood V of e in G such that f{D) d E for any / G V. 
We apply Lemma WT\ for D and V to obtain balls V^'^\ i = 1, . . . , N, centered 
at G -D in M and uj:^ in M' which satisfy conditions (1) ~ (3) in the 
lemma as well as the additional condition that V^^^ E, i = 1, . . . N. We 
set n-^izi) = {wf }fc=i,2,... e rr-^iD) C M'; i.e., is the center of U^'\ We 
may assume that A := U^^l/W is a connected domain in M with D A ^ E. 
Since and D are of the same isotropy class at Zq, so are A and i.e., 
D'izo) n = v4'(zo) n H,, = E\zo) D H,,. 

For each i = 1,...,N, we consider the sets uj^^"* C M' defined in (2) 
in Lemma 19.11 We only consider the sets f/^*'' in {U^^^}k=i,2,... which are 
contained in Ei, the connected component of 7r~^(-E) containing wo in M' . 
By convention, we use the same notation {uj^^^}i^k for these sets. From (ii) in 
Lemma [9. 2^ Ai = Ei P\Tf~^{A)] thus the connected component Ai of 7r~^(yl) 
in M' containing wq may be decomposed as 

^1= y^^,kU'i\ ^ = l,...,iV; A; = l,2,.... 

We claim that 

K:= U,.A'(.o)^?^^o, (9.14) 

satisfies the conclusion of Lemma 19. 6[ Note that A'{zq) and A in M are 
domains in G and a^^ is connected in M; thus K is a, domain in M. 
We begin by showing that 

K = yjg&K'{zo)9^zo with ga,,<^K. (9.15) 

We first show A C K C E. Indeed, A C K follows from A = {g{zo) E M : 
g G A'{zo)} and Zq G (Tzq- To prove K G E, we first show that 

Ha,, (EE, w;Gt/f ; z = 1, . . . , iV; = 1, 2, . . . , 

where a^^ is the holomorphic section of G over ?7^*^ via ■^/'^jq defined in (3) in 
Lemma 19. 1[ 

Since 7f(w[.*'') = Zi E D, we see from (ii) in Lemma [9l2] that cr|.*^(w^*^)(wo) = 
w'j^^ G C Einn-\D) = D^, so that (j'j!\w'j^^) G 5i(w7o) = ^'(^o) by 
(El). It follows from 2. in Lemma [93] that crj.*^(u;f )o-,o d D. Now let 
U7 G t/^, and set / := [af (w;)][(T^*Vfc)]"^ ^ G. Then by (3) in Lemma [O 
we have / G V. It follows that a^^\w)a,, = /[af (u;^ )](t,o C f{D) d E, as 
required. 

Next we show that (^a,,, d i? for any g G A'(2;o). Let g G yl'(2o). Since 
(7(u;o) G v4i, we have := g{wo) G t/^*^ for some i,k. Since (T^*''(ty)(tyo) = 



121 



w = g{wo), we can find an /i G -ff^jg such that g = {w)h. Since haz^ = ctzq, 
we have ga^g = {a^\w)h)azQ = a'^\w)azg d E, as required. 

Now we show that K = [Jg^K'{zo) d'^^o- Since A G K, we have the 
inclusion K C [jg^K'(zo) d^^o- To prove the reverse inclusion, let g' G K'{zo). 
Then g'{zo) G K, so that we can find g G ^'(2:0) and s G with g'{zo) = 
gs{zo). Thus there exists h G if^g with g' = gsh in G. We note that 
gs G K'{zq). To see this, since is connected and contains e in G, there 
exists a continuous curve 7 : t G [0, 1] ^ in S^^ with s(0) = e and 
= s. The continuous curve 7 : t G [0, 1] — > 7(t) := gs(t) in G satisfies 
l{t){zo) G ^a^o C J-s:. Since 7(0) = g e A'{zo) C /i'(2;o), we have 7 C i^'(2o), 
and hence gs = 7(1) G /'^'(^o)- 

It follows from 2. in Proposition 16.11 applied to g' = gsh G K'{zq) that 
/i G i^:'(^o) n = E'{zq) n = H'{zq). Consequently, 

9'(^za = gshazo = gshJ^zoizo) 

= gsT,zah{zo) (by 1. in Lemma [^75]) 

= gT,zo{zo) (since S^^ is a group and h{zo) = zq) 

= gazo C K, 

as claimed. 

To prove that gazQ d K for a given G K{z'), since -fC is open it suffices 
to show that for a given ( G Sct^q d D we have 5'(C) G -fT. Since K'{zo) is 
an open set in G containing e, there is a ball i? centered at e with (jfi? d 
i^'(2;o). From the previous assertion we have gBaz^ C K. It thus suffices 
to show g{C) G gBazo, equivalently, C G -Bcr^g. This is also equivalent to 
B~^{() HcTzo 7^ 0. This is clear, since ( G dcTzg and B^^{() is a neighborhood 
of C in M. 

Finally, we shall show that the union K = IJgg/c'(zo) 5"^2o ^ foliation. In- 
deed, using a similar argument as in the proof of f l9.12p . under the hypothesis 
K'{zo) n HzQ = T-C'{zo), we have the following fact: 

T^'^igcTzo) nKi = U^i gKa^o for g G K'{zo). 

Moreover, since tt : M ^ M' is a normal covering and Ki = Uc,gx'(2o)5'S'^o is 
a foliation of leaves of mi-dimensional nonsingular generalized analytic sets 
gaujQ, it follows from the above fact that K = Ug^K'(zo)9(^zo is a fohation of 
leaves of gCzQ, and hence Lemma [9.61 is proved. □ 

The domain in M as defined in f l9.14p completes the proof of items 
(o) and (i) in 2 — a of Theorem 16. 4[ For item (ii), let a d Z) be a parabolic 
nonsingular generalized analytic set in D. Then we have X{z) = const, on a. 
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Since D = U3e-D'(2o) ^'^^o ^ foliation, we use the same argument as in the 
proof of (ii) in 1 — a of Theorem 16.31 to obtain a C gaz^ for some g G D'{zo), 
as required. 

To prove 2 — 6. we assume that is closed in M. Since cx^o <e -D, ct^q is 
an mi-dimensional, irreducible, nonsingular, compact analytic set in D. The 
outline of the proof of 2 — fe. is as follows. First, using (i) in 2 — a, we may 
consider the quotient space Kq := K/azQ which is an (n — mi)-dimensional 
connected complex manifold. Moreover, Dq := D/cTz^ is a subdomain of 
Kq, and ODq is smooth in Kq. This last fact follows from (16. 17^ : dD = 
^g&aD'(zo)go'zQ, together with the smoothness of dD. 

To be precise, we work in the Lie group G. We use the notation Gi ~ G2 
to mean that Gi and G2 are isomorphic as complex manifolds. Since T-C'{zq) 
and T,zf^T-C'{zo) are closed Lie subgroups of G by 2. in Lemma [931 we may 
consider the quotient spaces 

21 := G/n'{zo) and := G/S,„7^'(^o); 

then 21 is an n-dimensional connected complex manifold and 03 is an {n—rrii)- 
dimensional connected complex manifold. Since T-C'{zq) C S2„7i'(2;o) we have 
the canonical projection: 

< : gH'izo) G 21 gJ^zoU'izo) G ^, 

and the quotient space 

C := J:zon'izo)/H'izo) with «)-i(C) ^ C: for c e 5. 

From 2. (iv) in Lemma [9.31 we have € ~ ctz,,. 

Since D' {zq)T-C' (zq) = D\zq) and K' {zQ)T-i' {zq) = K'{zq), the quotients 
D\zq) /H,' [zq) and K\zq) /Ti' {zq) are well-defined and define domains, say 
Da and Ka, in 21. Since {dD' {zo))H' [zq] = dD'{zo), we have Da ^ i^a 
and is smooth in Ka. Similarly, since D' {zo)'^zo'H' (zq) = D'{zq) and 
K'{zo)T,zo'H'{zo) = K'{zo) by 2. (ii) in Lemma [9731 the quotients D' {zq) /T.zq'H' { 
and K' {zq) /T^zq'H' {zq) define domains, say Dq and Kq, in ^. Since G 
dD'{zo) implies (7S^Q?i'(2o) C OD'^zq), it follows that ^ -^0 and ODq is 
smooth in Kq. Thus, 7r|^(Da) = and 71^(^0) = i^'o- 

On the other hand, we have Da ~ D and i^a ~ K. To see this, since 
Ti.'{zo) C -ffzQ, we have the canonical projection 

TTi : gH'izo) G 21 = g{zo) G M, 

so that (21, TTi) is an unramified covering of M (since Hui^ C H'{zq) C //z,, 
and is a normal subgroup of Hzq). Then the restriction tti : (-^a) ^ 
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D [K) is bijective. We only give the proof for tti : Ka ^ K. Tlie surjectivity 
comes from 1. in Proposition 16.11 (applied to K instead of D). To prove the 
injectivity, let (71,(72 £ K\zq) with gi^zo) = (72(^0)- We can find h G H^q 
with Qi = g2h. It follows from 3. in Proposition 16. II that h G fl K'{zq) = 
7i'{zo). Since H^zq) is a group, we have g{H'{zQ) = g2h'H'{zo) = g2'H'{zo), 
as required. 

Setting ttq := vr^lic^ o {'^i)^^\k, we have the holomorphic surjection 

no: K ^ Ka ^ Kq, 

which satisfies vro(-D) = -Do- Moreover, let Zi, Z2 E K and let (71,(72 G K'{zo) 
with zi = gi{zo) and 2:2 = g2{zo)- Then 

7ro(2;i) = vro(2;2) iff gic^zo = 92crzo- (9-16) 

Assume first that 710(2:1) = vro(2;2)- Then by the definition of ttq we have 
giE^^n'izo) = g2T.z^n'{zo). Since giJ:z^n'{zo){zo) = gia^.^, i = 1,2, we 
have giCTzo = g2<^zo- Conversely, assume that gidzo = g2<^zo- Then we have 
Si, S2 G and h G iJ^g with giSi = g2S2h. By (3) in Lemma [HIS] (replacing 
D'{zo) by K'{zq)) we have giS G -^''(20); = 1;2. It follows from 3. in 
Proposition 16.11 that h G K'{zo) ft if^g = TC'{zo). Since S2g7i'(2o) is a group, 
we have giT^^^^Wizo) = g2T.zJi' {zq); i.e., 7ro(Ci) = vro(C2)- Thus (|9.16p is 
proved. 

In particular, (19.161) implies that 7rQ'^(^) ^ cr^g for each ( & K, and 

TT^^iDo) = UgeD'(zo)g(^zo = D. 

To complete the proof of 2 — fe. in Theorem 16.41 it remains to verify that 
Dq is a Stein domain in Kq. 

Fix ( G Z^o- Take a point z E D with 710(2;) = C define Ao(C) := 
X{z). If we take another point z' ^ D with 710(2;') = (, there exists g G 
D'{zq) with 2; = g{zo), and hence 2;' G (7(T^g by f l9.16p . Since X^gazi-,) = 
const. = X{g{zo)) = \{z), it follows that \{z') = \{z); thus Ao is a well- 
defined real-valued function on Dq. Since 7ro(-D) = Dq, it follows that — Ao 
is plurisubharmonic exhaustion function on Dq. Noting that assertion a. in 
the proof of Theorem 16.31 holds under the conditions in Theorem 16.41 using 
the same method as in the proof of 1 — 6. of Theorem 16.31 we see that — Ao 
is strictly plurisubharmonic on Do; i.e., -Dq is Stein. □ 
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